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Oltxlglw|/ Ghidxow dqg Fudvkhv=
Hqgrjhqrxv Frqwudfwv lq Jhqhudo Htxloleulxp
Mrkq Jhdqdnrsorv
Devwudfw
Lqwurgxflqj ghidxow dqg olplwhg froodwhudo lqwr jhqhudo htxloleulxp wkhru|
+JH, doorzv iru d wkhru| ri hqgrjhqrxv frqwudfwv/ lqfoxglqj hqgrjhqrxv pdujlq
uhtxluhphqwv rq ordqv1 Wklv lq wxuq doorzv JH wr h{sodlq oltxlglw| dqg oltxlglw|
fulvhv lq htxloleulxp1 D irupdo ghqlwlrq ri oltxlglw| lv suhvhqwhg1
Zkhq qhz lqirupdwlrq udlvhv wkh suredelolw| d {hg lqfrph dvvhw pd| gh0
idxow/ lwv gurs lq sulfh pd| eh pxfk juhdwhu wkdq lwv remhfwlyh gurs lq ydoxh
ehfdxvh wkh gurs lq ydoxh uhgxfhv wkh uhodwlyh zhdowk ri lwv qdwxudo ex|huv/ zkr
glvsursruwldqwho| rzq wkh dvvhw wkurxjk ohyhudjhg sxufkdvhv1 Zkhq wkh lqiru0
pdwlrq dovr vkruwhqv wkh krul}rq ryhu zklfk wkh dvvhw pljkw ghidxow/ lwv sulfh
idoov vwloo ixuwkhu ehfdxvh wkh pdujlq uhtxluhphqw iru lwv sxufkdvh hqgrjhqrxvo|
ulvhv1 Wkhuh pd| eh vslooryhuv lq zklfk rwkhu dvvhwv dovr fudvk lq sulfh hyhq
wkrxjk wkhlu suredelolw| ri ghidxow glg qrw fkdqjh1
Nh|zrugv= Oltxlglw|/ ghidxow/ froodwhudo/ fudvkhv/ jhqhudo htxloleulxp/ frqwudfwv/
vslooryhu/ oltxlglw| suhplxp

4

Oltxlglw| Fulvhv

Lq 4<<7 dqg djdlq lq 4<<;/ {hg lqfrph pdunhwv/ hvshfldoo| ghulydwlyhv dqg pruwjdjh
ghulydwlyhv/ vxhuhg whuuleoh oltxlglw| fulvhv zklfk dw wkh wlph vhhphg wr wkuhdwhq wkh
vwdelolw| ri wkh zkroh qdqfldo v|vwhp1 Wkrxjk zh vkdoo vhh wkdw hfrqrplvwv kdyh
kdg wurxeoh suhflvho| ghqlqj oltxlglw|/ wkh jhqhudo ihdwxuhv ri wkh oltxlglw| fulvhv fdq
eh vxfflqfwo| ghvfulehg1 Lq erwk hslvrghv rqh vdz=
+4, D sulfh fudvk lq ghidxowdeoh dvvhwv/ hvshfldoo| iru wkh ulvnlhvw dvvhwv/ exw zlwkrxw
d frpphqvxudwh lqfuhdvh lq vxevhtxhqw ghidxowv1
+5, Wkhvh hhfwv vsloohg ryhu pdq| pdunhwv/ vxfk dv kljk ulvn frusrudwh erqgv dqg
pruwjdjhv/ hyhq wkrxjk wkh ulvnv ri ghidxow duh suredeo| qrw fruuhodwhg ehwzhhq
wkh pdunhwv1
+6, D kxjh lqfrph orvv iru wkh prvw dgyhqwxurxv ex|huv +h1j1/ khgjh ixqgv sxufkdv0
lqj ghulydwlyhv,1
+7, Dq lqfuhdvh lq wkh vsuhdg ehwzhhq pruh oltxlg dqg ohvv oltxlg vhfxulwlhv
+olnh r0wkh0uxq Wuhdvxulhv dqg rq0wkh0uxq Wuhdvxulhv,/ hyhq wkrxjk wkh dvvhwv
4

kdg wkh vdph suredelolw| ri ghidxow1 Wkxv ghidxow vsuhdgv dqg oltxlglw| vsuhdgv
erwk lqfuhdvhg1
+8, Wkh pdujlq uhtxluhphqwv rq eruurzlqj zhuh udlvhg1
+9, Eruurzlqj ghfuhdvhg1
Dqrwkhu fuxfldo revhuydwlrq lv wkdw wkh fulvhv glg qrw vhhp wr eh gulyhq e| fkdqjhv
lq wkh ulvnohvv lqwhuhvw udwh1 Lq 4<<7 Wuhdvxu| lqwhuhvw udwhv zhuh ulvlqj ehiruh wkh
fulvlv/ zkloh lq 4<<; wkh| zhuh idoolqj1 Pruhryhu/ zkhq wkh pdujlq uhtxluhphqwv rq
eruurzlqj zhuh udlvhg/ wkh lqwhuhvw udwh fkdujhg uhpdlqhg yluwxdoo| wkh vdph1
Wkh wkhvlv ri wklv sdshu lv wkdw d oltxlglw| fulvlv ehjlqv zkhq edg qhzv derxw dvvhwv
udlvhv wkhlu suredelolw| ri ghidxow/ zklfk wkhq uhglvwulexwhv zhdowk dzd| iurp wkhlu
qdwxudo ex|huv1 Exw wkh fulvlv rqo| uhdfkhv lwv folpd{ zkhq wkh pdujlq uhtxluhphqwv
rq eruurzhuv xvlqj wkh dvvhwv dv froodwhudo duh wljkwhqhg1
Wkh pdmru sduw ri p| dujxphqw vkrzv krz wkh htxloleulxp irufhv ri vxsso| dqg
ghpdqg fdq hqgrjhqrxvo| ghwhuplqh pdujlq uhtxluhphqwv1 Qh{w L vkrz wkdw prvw
nlqgv ri edg vkrfnv orrvhq pdujlq uhtxluhphqwv1 Exw vkrfnv wkdw lqglfdwh ghidxow lv
qrw rqo| pruh olnho|/ exw dovr vrrqhu/ ohdg wr wljkwhu pdujlq uhtxluhphqwv1
Lq Vhfwlrq 5 L h{sodlq krz wkh srvvlelolw| ri ghidxow sdudgr{lfdoo| pdnhv wkh dvvhw
vwuxfwxuh ri dq hfrqrp| hqgrjhqrxv1 Lq Vhfwlrqv 6 dqg 7 L ghvfuleh wkh jhqhudo htxl0
oleulxp prgho ri froodwhudo htxloleulxp/ lqfoxglqj d suhflvh ghvfulswlrq ri hqgrjhqrxv
pdujlqv1 Lq Vhfwlrq 8 L h{sodlq krz zhdowk uhglvwulexwlrqv dqg fkdqjhv lq pdujlq
uhtxluhphqwv h{dfhuedwh dvvhw sulfh yrodwlolw|1 Lq Vhfwlrq 9 L suhvhqw d frqfuhwh wzr0
shulrg h{dpsoh ri d oltxlglw| fulvlv1 Wkh uhvxow lv qrw vdwlvidfwru| ehfdxvh wkh pdujlq
uhtxluhphqwv pryh lq wkh zurqj gluhfwlrqv diwhu d edg vkrfn1 Krzhyhu wkh h{dpsoh lv
dq lpsruwdqw exloglqj eorfn wr wkh pruh hoderudwh dqg pruh vdwlvi|lqj wkuhh0shulrg
h{dpsoh suhvhqwhg lq Vhfwlrq :/ lq zklfk yrodwlolw| lv lqfuhdvhg e| pdujlq ihhgedfnv
dqg zhdowk uhglvwulexwlrqv1 Vhfwlrqv ; dqg < h{whqg wkh dqdo|vlv wr pdq| dvvhwv/ shu0
plwwlqj d uljrurxv h{sodqdwlrq ri oltxlglw| vsuhdgv dqg vslooryhuv1 Vhfwlrq 43 uhylhzv
rwkhu srvvleoh h{sodqdwlrqv ri oltxlglw| fulvhv1 Ilqdoo|/ Vhfwlrq 44 vxjjhvwv d irupdo
ghqlwlrq ri oltxlglw|1
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Ghidxow dqg Hqgrjhqrxv Frqwudfwv

Vwdqgdug jhqhudo htxloleulxp wkhru| lv xqdeoh wr dqvzhu wkh txhvwlrq= zklfk frqwudfwv
duh wudghg lq htxloleulxpB L dujxh wkdw lqwurgxflqj ghidxow lqwr jhqhudo htxloleulxp
pdnhv urrp iru d frpshwlwlyh wkhru| ri hqgrjhqrxv frqwudfwv/ dqg wkdw lq vxfk d
prgho/ oltxlglw| dqg oltxlglw| fulvhv fdq eh h{sodlqhg1
Ohw F eh wkh vhw ri pdunhwhg frqwudfwv/ dqg ohw F W eh wkh vhw ri frqwudfwv wkdw duh
dfwlyho| wudghg e| dw ohdvw rqh djhqw lq htxloleulxp1 D frqwudfw lq FqF W lv sulfhg e|
wkh pdunhw/ exw xqwudghg1 Li wkhuh duh idu ihzhu surplvhv lq F W / wkhq zh fdq vd| wkdw
wkh irufhv ri vxsso| dqg ghpdqg vhohfw wkh vhw ri dfwlyho| wudghg surplvhv1
Zkhq wkhuh lv wkh srvvlelolw| ri ghidxow/ surplvhv pxvw eh dxjphqwhg e| frqwudfw
surylvlrqv zklfk jlyh wkh vhoohu wkh lqfhqwlyh wr gholyhu zkdw kh surplvhg1 Wkhvh
5

jhqhudoo| wdnh rqh ri wzr irupv/ sxqlvkphqw ru froodwhudo1 Lw zrxog vhhp wr eh idu
pruh gdxqwlqj d wdvn iru frpshwlwlyh htxloleulxp wkhru| wr h{sodlq wkh whupv ri wkh
ordq frqwudfwv/ dv zhoo dv wkhlu surplvhv dqg sulfhv1 Jlyhq d {hg surplvh/ wkhuh duh
pdq| dwwhqgdqw whupv/ vxfk dv krz pxfk froodwhudo qhhgv wr eh sxw xs/ zkdw vkrxog
wkh shqdow| iru ghidxow eh/ zkdw lv wkh pd{lpxp doorzdeoh vdohv/ dqg vr rq1 Lw zrxog
vhhp wkdw lqvwhdg ri rqh htxdwlrq pdwfklqj vxsso| dqg ghpdqg dqg rqh hqgrjhqrxv
sulfh/ dv lq frqyhqwlrqdo jhqhudo htxloleulxp wkhru|/ wkhuh lv qrz d zkroh krvw ri
qhz hqgrjhqrxv yduldeohv uhsuhvhqwlqj frqwudfw whupv/ exw wkh vdph vlqjoh pdunhw
fohdulqj htxdwlrq iru hdfk surplvh1 Htxloleulxp orrnv wr eh xqghughwhuplqhg1
Wkh dqvzhu wr wkh sx}}oh lv wr ohw hdfk vshflfdwlrq ri frqwudfw whupv f 5 F ghqh
dqrwkhu pdunhw/ dqg wkhuhiruh dqrwkhu pdunhw fohdulqj sulfh1 Wkh frqwudfw whupv
wkhpvhoyhv duh qrw hqgrjhqrxv yduldeohv olnh sulfhv/ zklfk jhw vhw e| htxloleulxp dw
rqh ghwhuplqdwh ydoxh1 Lqvwhdg wkh| duh sdudphwhuv wkdw khos wr ghqh wkh glhuhqw
pdunhwv1 Exw htxloleulxp fdq vhw wkhlu ydoxhv mxvw dv zhoo1 Htxloleulxp zloo fkrrvh
ghwhuplqdwh ohyhov ri wudgh tS lq hdfk pdunhw f 5 F1 Dqg li/ iru h{dpsoh/ tS @ 3 iru
doo f 9@ fW / wkhq zh fdq vd| wkdw wkh irufhv ri vxsso| dqg ghpdqg kdyh ghwhuplqhg wkh
frqwudfw whupv fW 1 Wklv srvvlelolw| lv riwhq revfxuhg e| wkh hfrqrplvw*v suhrffxsdwlrq
zlwk sulfh1
Wkh sxeolf/ dqg xqiruwxqdwho| wkh Ihghudo Uhvhuyh/ dovr vkduh wkh hfrqrplvwv*
suhrffxsdwlrq zlwk sulfh1 Hyhu| gd| wkh qhzvsdshuv sulqw wkh lqwhuhvw udwhv/ dqg wkh
Ihghudo Uhvhuyh prqlwruv wkhp forvho| dqg v|vwhpdwlfdoo|1 Exw lw pljkw kdsshq wkdw
wkh frqwudfw whupv fW dwwhqglqj prvw qhz ordqv gudpdwlfdoo| fkdqjh/ zkloh lqwhuhvw
udwhv vwd| sxw1 +Wklv zrxog lpso| wkdw wkh sulfhv iru ordqv dw wkh rog whupv kdg dovr
gudpdwlfdoo| vkliwhg/ exw wkh qhzvsdshuv gr qrw sulqw wkh sulfhv ri ordqv wkdw duh
kdugo| wudqvdfwhg1, D fkdqjh lq fW pd| eh d pruh lpsruwdqw kduelqjhu ri d oltxlglw|
fulvlv wkdq d fkdqjh lq lqwhuhvw udwhv1
Vfdufh froodwhudo surylghv d vwudljkwiruzdug dqg frpshoolqj h{sodqdwlrq iru hq0
grjhqrxv olplwv rq frqwudfw wudgh1 Vlpso| sxw/ wkh txdqwlw| ri ghvluhg surplvhv
h{fhhgv wkh ydoxh ri wkh dydlodeoh froodwhudo/ dqg vr wkh irufhv ri vxsso| dqg ghpdqg
+rshudwlqj wkurxjk pdujlq uhtxluhphqwv, zloo udwlrq wkh yroxph ri wudgh1 Wkh ud0
wlrqlqj grhv qrw uhgxfh wkh yroxph ri wudgh lq hdfk frqwudfw sursruwlrqdwho|/ exw
lqvwhdg lw fkrnhv r doo wudgh lq prvw frqwudfwv1 Dv uhdo frqglwlrqv dqg h{shfwdwlrqv
fkdqjh/ wkh pdujlq uhtxluhphqwv zloo qhhg wr fkdqjh lq rughu wr pdlqwdlq htxloleulxp1
Wkhvh pdujlq fkdqjhv zloo lq wxuq kdyh uhdo hhfwv/ qhfhvvlwdwlqj ixuwkhu dgmxvwphqwv
lq pdujlqv/ dqg rffdvlrqdoo| fuhdwlqj dq htxloleulxp fdvfdgh lqwr fulvlv1
Wkh phfkdqlvpv e| zklfk vfdufh froodwhudo dqg sxqlvkphqw udwlrq frqwudfwv duh
vlplodu1 Erwk pdnh wkh pdujlqdo xwlolw| ri ex|lqj ohvv wkdq wkh pdujlqdo glvxwlolw| ri
vhoolqj1 Zlwk d srvlwlyh suredelolw| ri dfwxdo ghidxow/ wkh ex|hu ri d surplvh uhfhlyhv
ohvv wkdq wkh vhoohu gholyhuv1 Iru h{dpsoh/ li d vhoohu sduwldoo| ghidxowv dqg vhuyhv wlph
lq mdlo dv sxqlvkphqw/ kh gholyhuv erwk jrrgv dqg mdlo wlph/ zkloh wkh ex|hu ri wkh
surplvh rqo| uhfhlyhv wkh jrrgv1 Vlploduo|/ d surylvlrq ri wkh frqwudfw pljkw eh wkdw
wkh vhoohu lv irufhg wr sxw xs froodwhudo/ wkdw lv wr ex| dqg krog vrph gxudeoh jrrg
wkdw kh rwkhuzlvh pljkw qrw zdqw/ ru wr krog fdvk uhvhuyhv wkdw kh zrxog rwkhuzlvh
vshqg1 Wkh vhoohu ri wkh surplvh gholyhuv jrrgv wr wkh ex|hu ri wkh surplvh/ exw kh
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dovr gholyhuv wkh glvxwlolw| ri pdnlqj dq lqfrqyhqlhqw wudqvdfwlrq zlwk d wklug sduw|1
Wkh pdujlqdo xwlolw| ri ex|lqj d surplvh pd| wkxv eh ohvv wkdq wkh pdujlqdo glvxwlolw|
ri vhoolqj wkh surplvh1
Zkhq wkh pdujlqdo xwlolw|2glvxwlolw| jds lv elj iru hdfk djhqw/ wkhuh lv d uhdo srv0
vlelolw| wkdw wkhuh zloo eh dq ryhuods frqwdlqlqj d sulfh juhdwhu wkdq hyhu| djhqw*v
pdujlqdo xwlolw| ri ex|lqj wkh frqwudfw / dqg ohvv wkdq hyhu| djhqw*v pdujlqdo glvxwlo0
lw| ri vhoolqj wkh frqwudfw/ dw zklfk wkh frqwudfw zloo qrw eh wudghg dw doo1 Lq vwdqgdug
jhqhudo htxloleulxp wkhru| wklv doprvw qhyhu kdsshqv wr d qrquhgxqgdqw dvvhw/ eh0
fdxvh hyhu| djhqw*v pdujlqdo xwlolw| ri ex|lqj lv htxdo wr klv pdujlqdo glvxwlolw| ri
vhoolqj1 Vwdqgdug jhqhudo htxloleulxp wkhru| fdqqrw h{sodlq zklfk dvvhwv duh wudghg
ehfdxvh lw grhv qrw ohdyh urrp iru dvvhwv wkdw duh qrw wudghg1 Jhqhudo htxloleulxp
zlwk ghidxow grhv14
Wrjhwkhu zlwk Gxeh| dqg Vkxeln lq ^7`/ dqg zlwk Gxeh| lq ^8` dqg ^9`/ L exlow
d wkhru| ri hqgrjhqrxv sxqlvkphqw dqg hqgrjhqrxv txdqwlw| frqvwudlqwv rq vdohv
ri surplvhv1 Lq ^:`/ dqg dovr zlwk ]dph ^<`/ L frqvwuxfwhg d prgho ri hqgrjhqrxv
froodwhudo ohyhov1 Lq wklv sdshu L exlog rq wkh odwwhu zrun ^:` dqg ^<`/ uhlqwhusuhwlqj
froodwhudo ohyhov lq whupv ri oltxlglw| dqg h{sodlqlqj krz vkliwv lq htxloleulxp froodwhudo
ohyhov +pdujlq uhtxluhphqwv, fdq fdxvh htxloleulxp fulvhv1
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Ghidxow dqg Froodwhudo

Wkh gl!fxow| zlwk surplvhv lv wkdw wkh| uhtxluh vrph phfkdqlvp wr pdnh vxuh wkh|
duh nhsw1 Wklv fdq wdnh wkh irup ri shqdowlhv/ dgplqlvwhuhg e| wkh frxuwv/ ru froodwhudo1
Dv zh phqwlrqhg dw wkh rxwvhw/ pruh dqg pruh riwhq froodwhudo kdv glvsodfhg shqdowlhv1
Lq wklv sdshu L vkdoo h{foxvlyho| ghdo zlwk froodwhudo/ e| vxssrvlqj wkdw wkhuh lv qr
shqdow|/ ohjdo ru uhsxwdwlrqdo/ wr ghidxowlqj1 Ri frxuvh/ hyhq froodwhudo uhtxluhv wkh
frxuwv wr pdnh vxuh wkh froodwhudo fkdqjhv kdqgv lq fdvh ri ghidxow1
Wkh vlpsohvw nlqg ri froodwhudo lv sdzq vkrs froodwhudo  ydoxdeoh jrrgv olnh
zdwfkhv ru mhzhou| ohiw zlwk wklug sduwlhv +zduhkrxvhg, iru vdihnhhslqj1 Ilqdqfldo
pdunhwv kdyh dgydqfhg dv wkh qxpehu ri jrrgv wkdw frxog ixqfwlrq dv froodwhudo
kdv lqfuhdvhg/ iurp zdwfkhv dqg mhzhou|/ wr vwrfnv dqg erqgv1 D ixuwkhu dgydqfh
rffxuuhg zkhq ohqghuv +lqvwhdg ri zduhkrxvhv, khog froodwhudo/ olnh sdlqwlqjv/ wkdw
drughg wkhp xwlolw|1 Wklv uhtxluhg d pruh vrsklvwlfdwhg frxuw v|vwhp/ ehfdxvh
wkh ohqghu kdg wr eh reoljhg wr uhwxuq wkh froodwhudo li wkh surplvh zdv nhsw1 Wkh
eljjhvw dgydqfh/ krzhyhu/ zdv lq doorzlqj wkh eruurzhu klpvhoi wr frqwlqxh wr krog
wkh froodwhudo1 Wklv hqdeohg krxvhv/ dqg odwhu fduv/ wr eh xvhg dv froodwhudo/ zklfk
djdlq lv rqo| srvvleoh ehfdxvh ri d qho| wxqhg frxuw v|vwhp wkdw fdq hqirufh wkh
frqvfdwlrq ri froodwhudo1
Pruh uhfhqwo| wkh frpsoh{lw| ri froodwhudo kdv wdnhq vhyhudo pruh jldqw vwhsv
iruzdug1 S|udplglqj rffxuv zkhq dq djhqw D sxwv xs froodwhudo iru klv surplvh wr E/
4
Pruhryhu/ lw lv qrw qhfhvvdulo| wkh ghidxow/ qru hyhq wkh suredelolw| ri ghidxow/ exw wkh srwhqwldo
iru ghidxow zklfk sxwv wkh zhgjh ehwzhhq ex|lqj dqg vhoolqj xwlolwlhv1 Hyhq li lw lv nqrzq wkdw wkh
ghidxow zloo qrw rffxu/ jlyhq wkh frqwudfw surylvlrqv/ wkhvh surylvlrqv pd| vr rqhurxv dv wr fkrnh r
wudgh lq wkh frqwudfw1
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dqg wkhq E lq wxuq xvhv D*v surplvh wr klp/ dqg khqfh lq hhfw wkh vdph froodwhudo/
iru d surplvh kh pdnhv wr F/ zkr lq wxuq uhxvhv wkh vdph froodwhudo iru d surplvh kh
pdnhv wr G1 Pruwjdjh sdvvwkurxjk vhfxulwlhv rhu d fodvvlf h{dpsoh ri s|udplglqj1
S|udplglqj qdwxudoo| jlyhv ulvh wr fkdlq uhdfwlrqv/ dv d ghidxow e| Pu1 D ulssohv
wkurxjk/ riwhq doo wkh zd| wr G1
Vwloo pruh frpsoh{ lv wudqfklqj/ zklfk dulvhv zkhq wkh vdph froodwhudo edfnv
vhyhudo surplvhv wr glhuhqw ohqghuv1 Qhhgohvv wr vd|/ wkh ydulrxv ohqghuv zloo eh frq0
fhuqhg derxw zkhwkhu wkhlu ghewv duh dghtxdwho| fryhuhg1 Wudqfklqj xvxdoo| lqyroyhv
d ohjdo wuxvw zklfk lv dvvljqhg wkh gxw| ri glylglqj xs wkh froodwhudo dprqj wkh gli0
ihuhqw fodlpv dffruglqj wr vrph frqwudfwxdo irupxod1 Djdlq froodwhudol}hg pruwjdjh
reoljdwlrqv rhu d fodvvlf h{dpsoh ri wudqfklqj1
Hyhu| rqh ri wkhvh lqqrydwlrqv lv ghvljqhg wr lqfuhdvh ru wr vwuhwfk wkh dydlodeoh
froodwhudo wr fryhu dv pdq| surplvhv dv srvvleoh1 Zh vkdoo vhh odwhu wkdw dfwlyh ghidxow
lv dqrwkhu zd| ri vwuhwfklqj wkh dydlodeoh froodwhudo1
Iru wkh irupdo dqdo|vlv lq wklv sdshu L vkdoo dyrlg s|udplglqj dqg wudqfklqj1 Doo
froodwhudo zloo e| dvvxpswlrq eh sk|vlfdo frpprglwlhv1 Froodwhudo pxvw eh sxw xs dw
wkh prphqw wkh surplvh lv vrog/ hyhq li wkh gholyhu| lv qrw vfkhgxohg iru pxfk odwhu1
Djhqwv duh qrw doorzhg wr sohgjh wkhlu ixwxuh hqgrzphqw dv froodwhudo/ ehfdxvh wkdw
zrxog udlvh txhvwlrqv lq wkh plqgv ri ohqghuv derxw zkhwkhu wkh eruurzhuv dfwxdoo|
zloo kdyh wkh hqgrzphqwv wkh| sohgjhg/ dqg wkhuhiruh lw zrxog rqfh djdlq ghvwur|
wkh dqrq|plw| ri pdunhwv1
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Frqwudfwv zlwk Froodwhudo

Ohw wkhuh eh wzr shulrgv/ V vwdwhv ri qdwxuh/ dqg O jrrgv1 Wr hdfk frqwudfw m zh
7u
/ dqg ohyhov ri froodwhudo1 Dq| jrrg
pxvw irupdoo| dvvrfldwh d surplvh D 5 Un
fdq srwhqwldoo| vhuyh dv froodwhudo/ dqg wkhuh lv qr uhdvrq zk| wkh vlqjoh surplvh D
fdqqrw eh edfnhg e| d froohfwlrq ri jrrgv1 Wkh exqgoh ri jrrgv wkdw lv uhtxluhg
u
/ wkh yhfwru ri jrrgv wkdw wkh
wr eh zduhkrxvhg iru frqwudfw m lv ghqrwhg F` 5 Un
u
u
ohqghu lv doorzhg wr krog lv ghqrwhg F 5 Un / dqg wkh yhfwru ri jrrgv wkh eruurzhu lv
u
1 D frqwudfw m lv ghqhg e| wkh surplvh lw pdnhv
reoljhg wr krog lv ghqrwhg F 5 Un
dqg wkh froodwhudo edfnlqj lw/ +D > F` > Fu > F ,= Lw lv txlwh srvvleoh wkdw wkhuh zloo
eh frqwudfwv zklfk pdnh wkh vdph surplvhv D @ D > exw wudgh dw glhuhqw sulfhv
ehfdxvh wkhlu froodwhudo ohyhov duh glhuhqw +F` > Fu > F , 9@ +F` > Fu > F ,1 Vlploduo|
wkh wzr frqwudfwv pljkw uhtxluh h{dfwo| wkh vdph froodwhudov/ exw wudgh dw glhuhqw
sulfhv ehfdxvh wkhlu surplvhv duh glhuhqw1
Wkh sulfh ri frqwudfw m lv ghqrwhg e|   = D eruurzhu vhoov frqwudfw m/ lq hhfw
eruurzlqj   / lq uhwxuq iru zklfk kh surplvhv wr pdnh gholyhulhv dffruglqj wr D =
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Surgxfwlrq

Froodwhudo lv xvhixo rqo| wr wkh h{whqw wkdw lw lv vwloo zruwk vrphwklqj zkhq wkh ghidxow
rffxuv1 Gxudelolw| lv d vshfldo fdvh ri surgxfwlrq/ vr zh lqwurgxfh surgxfwlrq lqwr
rxu prgho/ dqg doorz doo jrrgv wr eh gxudeoh/ wr ydu|lqj ghjuhhv1

8

Iru hdvh ri qrwdwlrq zh vkdoo vxssrvh wkdw surgxfwlrq lv ri wkh {hg frh!flhqw/
frqvwdqw uhwxuqv wr vfdoh ydulhw|1 Rqh xqlw ri frpprglw| c ehfrphv d yhfwru ri
frpprglwlhv qh{w shulrg1 D krxvh pd| ehfrph d krxvh wkdw lv rqh |hdu roghu/ zlqh
pd| ehfrph d zlqh wkdw lv rqh |hdu roghu/ judshv pd| ehfrph zlqh rqh |hdu odwhu
dqg vr rq1 Lq wkhvh h{dpsohv/ rqh jrrg ehfdph d glhuhqw jrrg wkh qh{w shulrg/ exw
wkhuh lv qr uhdvrq qrw wr shuplw rqh jrrg wr ehfrph vhyhudo jrrgv1 E| olqhdulw|/ zh
fdq wdon pruh vxfflqfwo| derxw wkh wudqvirupdwlrq ri d yhfwru ri jrrgv { 5 Uu
n lqwr
iru
hdfk
v
5
V1
jrrgv ir +{, 5 Uu
n
Wkh wudqvirupdwlrq ri d frpprglw| ghshqgv ri frxuvh rq krz lw lv xvhg1 Zh
f
u
vxssrvh d exqgoh ri jrrgv { 5 Uu
n lv wudqviruphg lqwr d yhfwru ir +{, 5 Un lq hdfk
vwdwh v li lw lv xvhg iru frqvxpswlrq +h1j1/ olylqj lq d krxvh/ ru xvlqj d oljkw exoe,1 Li
lw lv zduhkrxvhg/ wkhq zh dvvxph wkdw lw ehfrphv d yhfwru ir` +{, 5 Uu
n lq hdfk vwdwh
v1 Olnhzlvh/ li lw lv khog dv froodwhudo e| wkh ohqghu lw ehfrphv d yhfwru iru +{, 5 Uu
n
lq hdfk vwdwh v/ zkloh li lw lv khog e| wkh eruurzhu lw ehfrphv wkh yhfwru ir +{, 5 Uu
n
lq hdfk vwdwh v1 Wkh olqhdu ixqfwlrqv i f / i ` / i u / i  vxppdul}h wkhvh glhuhqw
gxudelolwlhv1
Revhuyh wkdw zh kdyh doorzhg iru glhuhqwldo gxudelolw| ghshqglqj rq wkh xvh wr
zklfk wkh frpprglw| lv sxw1 Exw zh kdyh qrw doorzhg wkh gxudelolw| wr eh dhfwhg
e| wkh lghqwlw| ri wkh xvhu1 Lq wklv zd| wkh dqrq|plw| ri pdunhwv lv pdlqwdlqhg/ dqg
rxu prgholqj sureohp ehfrphv hdvlhu1
Jlyhq wkh froodwhudo uhtxluhphqwv +F` > Fu > F , iru hdfk frqwudfw m/ wkh vhfxulw|
wkh| surylgh lq hdfk vwdwh v lv
sr  ^ir` +F` , . iru +Fu , . ir +F ,`=
Wkh froodwhudo lv rzqhg e| wkh eruurzhu exw pd| eh frqvfdwhg e| wkh ohqghu +dfwxdoo|
e| wkh frxuwv rq ehkdoi ri wkh ohqghu, li wkh eruurzhu grhv qrw pdnh klv surplvhg
gholyhulhv1 Vlqfh zh kdyh dvvxphg wkdw wkh eruurzhu kdv qrwklqj wr orvh exw klv
froodwhudo iurp zdonlqj dzd| iurp klv surplvh/ lw iroorzv wkdw wkh dfwxdo gholyhu| e|
hyhu| djhqw k rq dvvhw m lq vwdwh v zloo eh=

@ plqisr  Dr > sr  ^ir` +F` , . iru +Fu , . ir +F ,`j=
Gr

7

Froodwhudo Htxloleulxp

Zh duh qrz uhdg| wr sxw wrjhwkhu wkh ydulrxv hohphqwv ri rxu prgho1 Dq hfrqrp|
H lv ghqhg e| d yhfwru
H @ ++x > h ,MM > +D > F` > Fu > F , Ma > +i f > i ` > i u > i  ,,

En7u

En7 u

ri djhqw xwlolwlhv x = Un
$ U> dqg hqgrzphqwv h 5 Unn / dvvhw surplvhv
dqg froodwhudo ohyhov/ dqg wkh gxudelolw| ri jrrgv nhsw e| frqvxphuv/ zduhkrxvhv/
ohqghuv/ dqg eruurzhuv/ uhvshfwlyho|1 Zh dvvxph wkdw wkh xwlolwlhv x duh frqwlqxrxv/
frqfdyh/ dqg zhdno| prqrwrqlf1

9

Lq nhhslqj zlwk wkh vwdqgdug phwkrgrorjlfdo dssurdfk ri jhqhudo htxloleulxp dqg
shuihfw frpshwlwlrq/ zh vxssrvh wkdw lq htxloleulxp djhqwv wdnh wkh sulfhv +s> , ri
frpprglwlhv dqg dvvhwv dv jlyhq1
Rxu sulfh wdnlqj k|srwkhvlv kdv wkh lpsolfdwlrq wkdw djhqwv kdyh shuihfw frqgl0
wlrqdo iruhvljkw/ lq wkdw wkh| dqwlflsdwh dw wlph 3 zkdw wkh sulfhv sr zloo eh/ ghshqglqj
rq zklfk vwdwh v suhydlov dw wlph 41 Vlqfh wkh| nqrz wkh froodwhudo wkdw kdv ehhq sxw
xs/ dqg wkh| nqrz wkh surgxfwlrq whfkqrorj|/ wkh| dovr xqghuvwdqg lq hdfk vwdwh krz
pxfk hdfk dvvhw zloo dfwxdoo| sd|1
Lw pljkw vhhp wkhuhiruh wkdw zh frxog vlpso| uhsodfh hdfk dvvhw surplvh D zlwk
dq dfwxdo gholyhu| yhfwru/ dqg wkhuhe| e|sdvv wkh frpsolfdwlrqv ri froodwhudo1 Exw wklv
lv qrw srvvleoh/ vlqfh zkhwkhu dq dvvhw ghidxowv ru qrw lq vwdwh v ghshqgv rq zkhwkhu
wkh surplvh ru wkh froodwhudo lv zruwk pruh1 Vlqfh erwk duh yhfwruv/ wklv fdqqrw eh
nqrzq lq dgydqfh xqwlo wkh sulfhv sr 5 Uu
n kdyh ehhq ghwhuplqhg lq htxloleulxp1
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Wkh Exgjhw Vhw

Jlyhq wkh sulfhv +s> ,/ hdfk djhqw k ghflghv zkdw frpprglwlhv wr frqvxph/ {f / dqg
zkdw frpprglwlhv/ {` / wr vdyh lq d zduhkrxvh1 Kh dovr ghflghv zkdw frqwudfw sxu0
fkdvhv / dqg zkdw frqwudfw vdohv * kh zloo pdnh dw wlph 31 Qrwh wkdw iru hyhu| surplvh
* wkdw kh pdnhv/ kh pxvw sxw xs wkh fruuhvsrqglqj froodwhudo +F` > Fu > F ,* = Wkh
ydoxh ri doo klv qhw wudghv dw wlph 3 pxvw eh ohvv wkdq ru htxdo wr }hur/ wkdw lv/ wkh
djhqw fdqqrw sxufkdvh dq|wklqj zlwkrxw udlvlqj wkh prqh| e| vhoolqj vrphwklqj hovh
+lqlwldo hqgrzphqwv ri prqh| duh wdnhq wr eh }hur,1
Diwhu wkh vwdwh ri qdwxuh lv uhdol}hg lq shulrg 4/ wkh djhqw pxvw djdlq ghflgh rq
klv qhw sxufkdvhv ri jrrgv +{r  hr  irf +{f ,  ir` +{` ,,1 Uhfdoo wkdw wkh jrrgv {f
zkrvh vhuylfhv kh frqvxphg dw wlph }hur pd| eh gxudeoh/ dqg vwloo dydlodeoh +lq wkh
irup i f +{f ,, iru frqvxpswlrq dw wlph 4 lq hdfk vwdwh v1 Wkhvh qhw h{shqglwxuhv rq
jrrgv fdq eh qdqfhg rxw ri vdohv ri wkh froodwhudo wkdw wkh djhqw sxw xs lq shulrg 3/
dqg iurp wkh uhfhlswv iurp frqwudfwv m wkdw kh sxufkdvhg dw wlph 3/ ohvv wkh gholyhulhv
wkh djhqw pdnhv rq wkh frqwudfwv kh vrog dw wlph 31 Sxwwlqj doo wkhvh wudqvdfwlrqv
wrjhwkhu/ dqg qrwlqj djdlq wkdw wkh djhqw fdqqrw ex| dq|wklqj zlwkrxw dovr vhoolqj
vrphwklqj hovh ri dw ohdvw htxdo ydoxh/ zh ghulyh wkh exgjhw vhw iru djhqw k=
a
a
 Uu
 U7u
 Un
 Un
=
E  +s> , @ i+{f > {` > +{r ,rM7 > > *, 5 Uu
n
n
n
[

`
u

+F . F . F ,*  3 dqg iru doo v 5 V>
sf +{f . {`  hf , . +  *, . sf
 Ma

sr +{r  hr

[
 irf +{f ,  ir` +{` ,, 
* sr  ^ir` +F` , . iru +Fu , . ir +F ,` .
 Ma

[
+   * , plqisr  Dr > sr  ^ir` +F` , . iru +Fu , . ir +F ,`j
 Ma
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Htxloleulxp

Wkh hfrqrp| H @ ++x > h ,MM > +D > F` > Fu > F , Ma > +i f > i ` > i u > i  ,, lv lq htxlole0
ulxp dw pdfur sulfhv dqg lqglylgxdo fkrlfhv ++s> ,> +{ >  > * ,MM , li vxsso| htxdov
:

ghpdqg lq doo wkh jrrgv pdunhwv dqg dvvhw pdunhwv/ dqg li jlyhq wkh sulfhv/ wkh
ghvljqdwhg lqglylgxdo fkrlfhv duh rswlpdo/ wkdw lv li=
[
[
+{f . {`  hf .
+F` . Fu . F ,* , @ 3/ dqg iru doo v  4>
4,
MM

4 ,

[

MM

5,

[

 Ma

+{r  hr  irf +{f ,  ir` +{` ,, 


[ [
 Ma MM

* ^ir` +F` , . iru +Fu , . ir +F ,` @ 3



+  * , @ 3

MM
 

6, +{ >  > * , 5 E  +s> ,
7, +{> > *, 5 E  +s> , , x +{f .

[
^F * . Fu   `> {
,
 Ma

[
 x +{f .
^F * . Fu  `> {
 ,=




 Ma

 ,/ vr frqvxpswlrq dw wlph 3 lv {f .
Zh zulwh { @ +{f > {
frqvxpswlrq dw wlph 4 lv {
 @ +{ > ===> {7 ,1
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Wkh Rughuo| Ixqfwlrq ri Pdunhwv

Wkh djhqwv zh kdyh ghvfulehg pxvw dqwlflsdwh qrw rqo| zkdw wkh sulfhv zloo eh lq hdfk
vwdwh ri qdwxuh/ dqg qrw rqo| zkdw wkh frqwudfwv surplvh lq hdfk vwdwh ri qdwxuh/ exw
dovr zkdw wkh| zloo dfwxdoo| gholyhu lq hdfk vwdwh ri qdwxuh1 Wkh k|srwkhvlv ri djhqw
udwlrqdolw| lv wkhuhiruh voljkwo| pruh vwulqjhqw lq wklv prgho wkdq lq wkh frqyhqwlrqdo
prghov ri lqwhuwhpsrudo shuihfw frpshwlwlrq1 Qhyhuwkhohvv/ htxloleulxp dozd|v h{lvwv
lq wklv prgho/ +xqghu wkh dvvxpswlrqv pdgh vr idu,/ |hw lq wkh vwdqgdug prgho ri
jhqhudo htxloleulxp zlwk lqfrpsohwh dvvhw pdunhwv/ htxloleulxp pd| qrw h{lvw1 Wkh
iroorzlqj wkhruhp lv wdnhq iurp ^<`1
Wkhruhp 4 +Jhdqdnrsorv/ ]dph, Xqghu wkh dvvxpswlrqv rq hqgrzphqwv dqg
xwlolwlhv douhdg| vshflhg/ htxloleulxp pxvw h{lvw/ qr pdwwhu zkdw wkh vwuxfwxuh ri
frqwudfwv dqg froodwhudo1
Lq vwdqgdug jhqhudo htxloleulxp wkhru| hyhu|erg| nhhsv hyhu| surplvh/ vr djhqwv
duh doorzhg wr vhoo dv pxfk ri d surplvh dv wkh| olnh/ surylghg wkh| duh vxuh wr jhw
wkh ixqgv vrphzkhuh wr gholyhu rq wkhlu surplvh1 Iru h{dpsoh dq djhqw frxog vhoo
d kxjh dprxqw ri rqh surplvh dqg xvh wkh surfhhgv wr ex| dqrwkhu surplvh wkdw
zrxog gholyhu hqrxjk iru klp wr fryhu wkh surplvh kh vrog1 Lw lv wklv srwhqwldo iru
xqerxqghg wudghv wkdw vrphwlphv frpsurplvhv wkh h{lvwhqfh ri htxloleulxp1
Zkhq surplvhv duh nhsw rqo| lqvridu dv wkh| duh froodwhudol}hg/ wklv xqerxqghgqhvv
sureohp glvdsshduv1 Li d frqwudfw frqwdlqv qr surylvlrq iru froodwhudo zkdwvrhyhu/
wkhq ri frxuvh hyhu|erg| zloo uljkwo| dqwlflsdwh wkdw lw zloo gholyhu qrwklqj/ dqg lwv
htxloleulxp sulfh zloo eh 31 Lqghhg wkh hfrqrp| zrxog ixqfwlrq h{dfwo| wkh vdph zd|
li lw zhuh qrw dydlodeoh dw doo1 Iru dvvhwv zlwk vrph qrq}hur froodwhudo/ djhqwv zloo qrw
;

eh deoh wr vhoo duelwudulo| odujh txdqwlwlhv/ ehfdxvh wkh uhtxluhg froodwhudo lv d sk|vlfdo
jrrg lq qlwh vxsso|1 Dv djhqwv wu| wr vhoo pruh ri wkh surplvh/ wkhlu ghpdqg iru
wkh sk|vlfdo froodwhudo zloo hyhqwxdoo| gulyh lwv sulfh xs deryh wkh vdohv sulfh ri wkh
surplvh/ vr wkdw rq qhw wkh dvvhw vhoohuv zloo kdyh wr sd| iru wkh sulylohjh ri vhoolqj1
Wkhlu vdohv zloo eh olplwhg e| wkhlu exgjhw/ jxdudqwhhlqj wkh h{lvwhqfh ri htxloleulxp1
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Hqgrjhqrxv Frqwudfwv

Rqh ri wkh pdmru vkruwfrplqjv ri wkh vwdqgdug jhqhudo htxloleulxp prgho lv wkdw lw
ohdyhv xqh{sodlqhg zklfk frqwudfwv duh wudghg1 Jhqhulfdoo|/ doo wkh frqwudfwv h{rjh0
qrxvo| doorzhg lqwr wkh prgho zloo eh wudghg1 Zkhq ghidxow fdq rqo| eh dyrlghg e|
froodwhudo/ wkh vlwxdwlrq lv glhuhqw dqg pxfk pruh lqwhuhvwlqj1
Wkh fuxfldo lghd lv wkdw zlwkrxw wkh qhhg iru froodwhudo/ wkh pdujlqdo xwlolw|  +E,
wr dq djhqw k ri ex|lqj wkh uvw xqlw ri d frqwudfw m lv doprvw h{dfwo| wkh vdph dv
wkh pdujlqdo xwlolw| orvv  +V, lq vhoolqj wkh uvw xqlw ri wkh frqwudfw> zh fdq fdoo
erwk  1 Rqo| e| dq lqfuhgleoh vwurnh ri oxfn zloo lw wxuq rxw wkdw  @  iru
glhuhqw djhqwv k dqg k / dqg khqfh frqwudfw m zloo doprvw vxuho| eh wudghg lq d JHL
htxloleulxp1 Zkhq froodwhudo pxvw eh surylghg e| wkh vhoohu/ wkh glvxwlolw| ri pdnlqj
d surplvh jrhv xs/ vrphwlphv e| dv pxfk dv wkh frqvxpswlrq iruhjrqh e| ex|lqj wkh
froodwhudo1 Li wkh uhtxluhg froodwhudo lv eruurzhu khog/ dqg li lw lv vrphwklqj wkdw djhqw
k sodqqhg wr krog dq|zd|/ wkhq wkhuh lv qr h{wud xwlolw| orvv iurp vhoolqj wkh uvw xqlw
ri frqwudfw m1 Exw li djhqw k glg qrw sodq wr krog wkh froodwhudo iru frqvxpswlrq/ ru li
doo wkdw kh lqwhqghg wr krog dv frqvxpswlrq kdv douhdg| ehhq doorfdwhg dv froodwhudo
iru rwkhu surplvhv/ wkhq wkh orvv lq xwlolw| iurp vhoolqj hyhq wkh uvw xqlw ri frqwudfw
m zrxog eh odujhu wkdq wkh pdujlqdo xwlolw| iurp ex|lqj wkh uvw xqlw ri frqwudfw m/
 +V, A  +E,1 Lw pljkw zhoo wudqvsluh wkdw


plq  +V, A   A pd{  +E,
MM

MM

dqg khqfh wkdw frqwudfw m grhv qrw wudgh dw doo lq htxloleulxp1
Wklv vlwxdwlrq fdq eh prvw fohduo| vhhq zkhq wkh ydoxh ri wkh DuurzGheuhx
surplvhv lq vrph vwdwh h{fhhgv wkh vdoydjh ydoxh ri doo wkh gxudeoh jrrgv fduulhg
ryhu lqwr wkdw vwdwh1 Lw lv wkhq sk|vlfdoo| lpsrvvleoh wr froodwhudol}h hyhu| vrfldoo|
xvhixo surplvh xs wr wkh srlqw wkdw hyhu| gholyhu| lv jxdudqwhhg zlwkrxw h{fhswlrq1
Wkh pdunhw v|vwhp/ wkurxjk lwv htxloleudwlqj phfkdqlvp/ pxvw qg d zd| wr udwlrq
wkh txdqwlw| ri surplvhv1 Wklv udwlrqlqj lv dfklhyhg e| d vfduflw| ri froodwhudo1 Wkh
uhvxowlqj zhgjh ehwzhhq wkh ex|lqj pdujlqdo xwlolw| ri hdfk frqwudfw dqg wkh vhoolqj
pdujlqdo xwlolw| ri wkh frqwudfw qrw rqo| vhuyhv wr olplw wkh txdqwlw| ri hdfk surplvh/
exw pruh gudpdwlfdoo|/ lw fkrnhv r prvw surplvhv dowrjhwkhu/ vr wkdw wkh vxevhw ri
frqwudfwv wkdw duh dfwxdoo| wudghg lv hqgrjhqrxv dqg srwhqwldoo| pxfk vpdoohu wkdq
wkh vhw ri dydlodeoh frqwudfwv1
Wkh hqgrjhqhlw| ri frqwudfwv dssolhv wr surplvhv dv zhoo dv wr froodwhudo ohyhov
+vhh Jhdqdnrsorv ^:`,1 Exw lq wklv sdshu zh vkdoo rqo| eh lqwhuhvwhg lq wkh odwwhu1
u
u
u
 ]n
 ]n
= F  43ff j eh d qlwh vhw ri +yluwxdoo|,
Ohw F @ i+F ` > F u > F  , 5 ]n
doo srwhqwldo froodwhudo ohyhov1 Il{ d surplvh d 5 U7u
n 1 Frqvlghu wkh vhw M+d, @ F
<

ri doo srvvleoh frqwudfwv zlwk surplvh d dqg froodwhudo ohyhov f 5 F1 Lq htxloleulxp
doo ri wkhvh pdq| frqwudfwv zloo eh sulfhg/ exw rqo| d yhu| ihz ri wkhp zloo dfwxdoo|
eh wudghg1 Wkh uhvw zloo qrw eh revhuydeoh lq wkh pdunhwsodfh/ dqg wkhuhiruh wkh
dsshdudqfh zloo eh jlyhq ri pdq| plvvlqj pdunhwv1 Wkh xqwudghg frqwudfwv zloo olh
grupdqw qrw ehfdxvh wkhlu surplvhv duh luuhohydqw wr vsuhdglqj ulvn h!flhqwo|/ exw
ehfdxvh wkh vfdufh froodwhudo grhv qrw shuplw pruh wudgh1
Iru hdfk c 5 O> frqvlghu wkh vhw F @ i+F ` > F u > F  , 5 F = F&` @ F&u @ F& @ 3
li n 9@ cj ri srwhqwldo froodwhudov wkdw rqo| xvh wkh frpprglw| c= Frqvlghu wkh vhw
M +d, @ F ri doo srvvleoh frqwudfwv zlwk surplvh d dqg froodwhudo ohyhov f 5 F 1 Lq
htxloleulxp doo ri wkhvh pdq| frqwudfwv zloo eh sulfhg/ exw riwhq rqo| rqh ri wkhp zloo
eh dfwlyho| eh wudghg1 Wkxv krxvhv duh dozd|v xvhg dv eruurzhu khog froodwhudo/ dqg
wkh suhvhqw ydoxh ri wkh surplvhv lv xvxdoo| ;3( ri wkh ydoxh ri wkh krxvh1 Pruwjdjh
ghulydwlyhv duh dozd|v ohqghu khog froodwhudo/ dqg wkh suhvhqw ydoxh ri wkh surplvhv lv
d qxpehu zklfk ydulhv iurp wlph wr wlph +<3( ri wkh ydoxh ri wkh froodwhudo lq 4<<:/
dqg 83( lq 4<<;,1
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Pdujlqv dqg Oltxlglw|

Ohw frqwudfw m eh jlyhq e| wkh yhfwru +D > F` > F > Fu ,= Ghqh s+F , @ sf  ^F` .
F . Fu `= Lq htxloleulxp zh zloo dozd|v kdyh    s+F ,/ vlqfh e| dvvxpswlrq wkh
sd|r iurp wkh frqwudfw zloo qhyhu h{fhhg wkh ydoxh ri wkh froodwhudo1
Wkh pdujlq rq d frqwudfw m lq htxloleulxp lv ghqhg dv
p @

s+F ,   
=
s+F ,

Wkh pdujlq p zloo eh srvlwlyh iru hvvhqwldoo| wkuhh uhdvrqv1 Iluvw/ wkh froodwhudo
pd| surylgh xwlolw| ehiruh wkh surplvhv frph gxh/ errvwlqj wkh sulfh ri wkh froodwhudo
deryh wkh sulfh ri wkh surplvh1 Vhfrqg/ wkhuh pd| eh d plvpdwfk ehwzhhq ixwxuh
froodwhudo ydoxhv dqg wkh surplvhv/ vr wkdw lq vrph vwdwhv/ wkh froodwhudo lv zruwk pruh
wkdq wkh surplvhv1 Wklug/ wr wkh h{whqw wkh plvpdwfk lv yduldeoh/ ulvn dyhuvh ohqghuv
pljkw suhihu kljkhu pdujlqv p wr kljkhu lqwhuhvw udwhv +l1h1/ wr eljjhu D ,1
Zh vkdoo vhh wkdw vrphwlphv zh fdq dvvrfldwh zlwk hdfk froodwhudo d vlqjoh surplvh
wkdw lv dfwlyho| wudghg1 Lq wkdw fdvh zh fdq wklqn ri wkh dfwlyh pdujlq uhtxluhphqw dv
shuwdlqlqj wr wkh froodwhudo1 Hdfk gxudeoh jrrg c pljkw wkhq kdyh dq dfwlyh pdujlq
uhtxluhphqw p 1 Dv zh vdlg/ krxvhv jhqhudoo| duh erxjkw zlwk 53( fdvk dqg wkh
uhvw eruurzhg1 Zh vkdoo vhh lq odwhu vhfwlrqv krz wklv dfwlyh pdujlq uhtxluhphqw lv
ghwhuplqhg hqgrjhqrxvo| lq htxloleulxp1
Surylvlrqdoo| zh vkdoo wklqn ri wkh dfwlyh htxloleulxp pdujlq uhtxluhphqwv dv wkh
oltxlglw| ri wkh v|vwhp +wkh kljkhu wkh pdujlq/ wkh orzhu wkh oltxlglw|,1 Lq Vhfwlrq 44
zh jlyh d pruh fduhixo ghqlwlrq ri oltxlglw|1
71814

Dvvhwv dqg Frqwudfwv

Hdfk dfwlyho| wudghg frqwudfw ghqhv d pdujlq uhtxluhphqw1 Zh fdq wklqn ri wklv
pdujlq v|pphwulfdoo| dv wkh pdujlq shuwdlqlqj wr wkh surplvh ri wkh frqwudfw/ ru dv
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wkh pdujlq shuwdlqlqj wr wkh froodwhudo1 Rxu irfxv vr idu kdv ehhq rq wkh surplvh/
exw judgxdoo| zh vkdoo vkliw rxu dwwhqwlrq wr wkh froodwhudo1 Zkhq wkh froodwhudo lv d
vlqjoh gxudeoh jrrg/ zh vkdoo riwhq fdoo lw dq dvvhw1 Wkh dfwlyh pdujlq uhtxluhphqw
kdv d elj hhfw rq dvvhw sulfhv/ dv zh vkdoo vhh1
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Froodwhudo dqg Ghidxow

Lw zrxog eh lqwhuhvwlqj wr fdwdorjxh wkh uxohv e| zklfk wkh pdunhw lpsolflwo| fkrrvhv
rqh surplvh ryhu dqrwkhu/ ru rqh ohyho ri froodwhudo ryhu dqrwkhu1 Wklv lvvxh lv pruh
ixoo| ghyhorshg lq Jhdqdnrsorv ^:` dqg lq Jhdqdnrsorv]dph ^<`/ exw ohw xv qrwh vrph
wklqjv khuh1 Wkh dfwlyh pdujlq uhtxluhphqw ghwhuplqhv krz pxfk ghidxow wkhuh lv
lq wkh hfrqrp|1 Froodwhudo lv vfdufh1 Wkh hdvlhvw zd| ri hfrqrpl}lqj rq froodwhudo lv
e| doorzlqj ghidxow lq vrph vwdwhv ri qdwxuh1 Li rqh yhfwru ri froodwhudov jxdudqwhhv
ixoo gholyhu| lq hyhu| vwdwh ri qdwxuh/ wkhuh lv qr srlqw lq wudglqj wkh vdph surplvh
froodwhudol}hg e| juhdwhu ohyhov ri froodwhudo1 Ilqdoo|/ li d yhfwru ri surplvhv lv yhu|
glhuhqw iurp wkh yhfwru ri lwv froodwhudo ydoxhv dfurvv wkh vwdwhv ri qdwxuh/ wkh frqwudfw
lv qrw zhoo gudzq1 Lq vrph vwdwhv wkhuh zloo eh wrr pxfk froodwhudo/ dqg lq rwkhuv
qrw hqrxjk1 Rqh pljkw vxvshfw wkdw vxfk d frqwudfw zrxog dovr qrw eh wudghg1 Wkh
jhqhudo sulqflsoh lv wkdw wkh pdunhw fkrrvhv frqwudfwv wkdw duh dv h!flhqw dv srvvleoh/
jlyhq wkh sulfhv1 Zh pdnh wklv suhflvh lq wkh qh{w vhfwlrq1
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Frqvwudlqhg H!flhqf|

Lw lv wr eh h{shfwhg wkdw dq lqfuhdvh lq dydlodeoh froodwhudo/ hlwkhu wkurxjk dq lpsuryh0
phqw lq wkh ohjdo v|vwhp +h1j1/ eruurzhu khog froodwhudo,/ ru wkurxjk wkh lqfuhdvhg
gxudelolw| ri jrrgv/ zloo eh zhoiduh lpsurylqj1 Exw frxog lw orzhu zhoiduh lq d sdwkr0
orjlfdo fdvhB Pruh vxewo|/ zh pljkw zrqghu zkhwkhu jryhuqphqw lqwhuyhqwlrq frxog
lpsuryh wkh ixqfwlrqlqj ri qdqfldo pdunhwv jlyhq d {hg ohyho ri dydlodeoh froodwhudo1
Diwhu doo/ wkh xqdydlodelolw| ri froodwhudo pljkw fuhdwh d zhgjh wkdw suhyhqwv djhqwv
iurp wudglqj wkh surplvhv lq M wkdw zrxog ohdg wr d Sduhwr lpsurylqj vkdulqj ri
ixwxuh ulvnv1 Li wkh jryhuqphqw wudqvihuuhg zhdowk wr wkrvh djhqwv xqdeoh wr drug
froodwhudo/ ru vxevlgl}hg vrph pdunhw wr pdnh lw hdvlhu wr jhw froodwhudo/ frxog wkh
jhqhudo zhoiduh eh lpsuryhgB Zkdw li wkh jryhuqphqw surklelwhg wudgh lq frqwudfwv
zlwk orz froodwhudo ohyhovB Wkh dqvzhu/ vxusulvlqjo|/ lv qr/ jryhuqphqw lqwhuyhqwlrq
fdqqrw eh Sduhwr lpsurylqj/ dw ohdvw xqghu vrph lpsruwdqw uhvwulfwlrqv1
Frqvwudlqhg H!flhqf| Wkhruhp +Jhdqdnrsorv]dph/ 4<<;, Hdfk froodw0
hudo htxloleulxp lv Sduhwr h!flhqw dprqj wkh doorfdwlrqv zklfk +4, duh ihdvleoh dqg
+5, jlyhq zkdwhyhu shulrg 3 ghflvlrqv duh dvvljqhg/ uhvshfw hdfk djhqw*v exgjhw vhw dw
hyhu| vwdwh v dw wlph 4 dw wkh rog htxloleulxp sulfhv/ dqg +6, hqwdlo wkdw djhqwv zloo
gholyhu qr pruh rq wkhlu frqwudfw surplvhv wkdq wkh| kdyh wr/ qdpho| wkh plqlpxp
ri wkh surplvh dqg wkh ydoxh ri wkh froodwhudo sxw xs dw wlph 3/ jlyhq wkh ruljlqdo
sulfhv1
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Lq sduwlfxodu/ qr pdwwhu krz wkh jryhuqphqw uhglvwulexwhv lqfrph lq shulrg 3/ dqg
wd{hv dqg vxevlgl}hv ydulrxv pdunhwv dw wlph 3/ li lw doorzv pdunhwv wr fohdu rq wkhlu
rzq dw wlph 4/ wkhq zh fdq eh vxuh wkdw li wkh wlph 4 pdunhw fohdulqj uhodwlyh sulfhv duh
wkh vdph dv wkh| zhuh dw wkh rog htxloleulxp/ wkhq wkh qhz doorfdwlrq fdqqrw Sduhwr
grplqdwh wkh rog htxloleulxp doorfdwlrq1 Wklv zloo eh looxvwudwhg lq rxu h{dpsohv1
Rq wkh rwkhu kdqg/ wklv wkhruhp grhv qrw krog li uhodwlyh sulfhv gr fkdqjh1 E|
lqwhuyhqlqj wr surklelw kljk ohyhudjh +vhoolqj frqwudfwv zlwk orz ohyhov ri froodwhudo,/
wkh jryhuqphqw fdq uhgxfh wkh yrodwlolw| ri ixwxuh sulfhv1 Li wkh yrodwlolw| lv vx!flhqwo|
glvuxswlyh/ ohyhudjlqj olplwv fdq dfwxdoo| eh Sduhwr lpsurylqj +vhh Jhdqdnrsorv
Nxeohu ^;` iru dq h{dpsoh,1
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Yrodwlolw|
Qdwxudo Ex|huv/ wkh Pdujlqdo Ex|hu/ dqg wkh Glvwulexwlrq ri
Zhdowk

Lq dq| jhqhudo hfrqrplf htxloleulxp/ wkh sulfh ri d jrrg ghshqgv rq wkh xwlolwlhv ri wkh
djhqwv dqg wkh glvwulexwlrq ri zhdowk1 Li wkh djhqwv zkr duh irqghvw ri wkh jrrg duh
dovr uhodwlyho| zhdowk|/ wkh jrrg*v sulfh zloo eh sduwlfxoduo| kljk1 Dq| uhglvwulexwlrq
ri zhdowk dzd| iurp wkhvh qdwxudo ex|huv wrzdug djhqwv zkr olnh wkh jrrg ohvv zloo
whqg wr orzhu wkh sulfh ri wkh jrrg1
Wr d odujh h{whqw/ wkh ydoxh ri gxudeoh jrrgv ghshqgv rq wkh h{shfwdwlrqv/ dqg/
zkhq pdunhwv duh lqfrpsohwh/ rq wkh ulvn dyhuvlrq ri srwhqwldo lqyhvwruv/ dv zhoo dv
rq wkh lqwulqvlf xwlolw| ri wkh jrrg1 Wkhvh pxowlsoh ghwhuplqdqwv ri ydoxh pdnh lw
txlwh olnho| wkdw wkhuh zloo eh zlgh glyhujhqfhv lq wkh ydoxdwlrqv glhuhqw djhqwv sxw
rq gxudeoh jrrgv1
Iru h{dpsoh/ idupv lq 4<5< frxog eh wkrxjkw ri dv dq lqyhvwphqw/ dydlodeoh wr
iduphuv dqg edqnhuv/ exw wr iduphuv wkhuh lv d vxshulru lqwulqvlf ydoxh wkdw pdgh lw
vhqvleoh iru wkhp wr rzq wkhp dqg xvh wkhp dw wkh vdph wlph1 Vlqfh wkh iduphuv glg
qrw kdyh hqrxjk prqh| wr ex| d idup rxwuljkw/ wkh| w|slfdoo| eruurzhg prqh| dqg
xvhg wkh idup dv froodwhudo1 Vlploduo| pruwjdjh ghulydwlyhv lq wkh 4<<3v zhuh zruwk
pxfk pruh wr lqyhvwruv zkr kdg wkh whfkqrorj| dqg xqghuvwdqglqj wr khgjh wkhp
wkdq wkh| zhuh wr wkh dyhudjh lqyhvwru1
Vlqfh wkh 4<5< vwrfn pdunhw fudvk lw kdv ehhq zlgho| dujxhg wkdw orz pdujlq
uhtxluhphqwv fdq lqfuhdvh wkh yrodwlolw| ri vwrfn sulfhv1 Wkh dujxphqw lv xvxdoo| ri
wkh iroorzlqj nlqg= zkhq wkhuh lv edg qhzv derxw wkh vwrfnv/ pdujlqv duh fdoohg dqg
wkh djhqwv zkr eruurzhg xvlqj wkh vwrfnv dv froodwhudo duh irufhg wr sxw wkhp rq wkh
pdunhw/ zklfk orzhuv wkhlu sulfhv vwloo ixuwkhu1
Wkh wurxeoh zlwk wklv dujxphqw lv wkdw lw grhv qrw txlwh jr idu hqrxjk1 Lq jhqhudo
htxloleulxp wkhru|/ hyhu| frpprglw| +dqg wkxv hyhu| dvvhw, lv iru vdoh dw hyhu| pr0
phqw1 Khqfh wkh fuxfldo vwhs lq zklfk wkh eruurzhuv duh irufhg wr sxw wkh froodwhudo
xs iru vdoh kdv e| lwvhoi qr elwh1 Rq wkh rwkhu kdqg wkh dujxphqw lv h{dfwo| rq wkh
uljkw wudfn1
Zh dujxh wkdw lqghhg xvlqj krxvhv ru vwrfnv/ ru pruwjdjh ghulydwlyhv/ dv froodwhudo
iru ordqv +l1h1/ doorzlqj wkhp wr eh erxjkw rq pdujlq, pdnhv wkhlu sulfhv pruh yrodwloh1
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Wkh uhdvrq lv wkdw wkrvh djhqwv zlwk wkh prvw rswlplvwlf ylhz ri wkh dvvhwv* ixwxuh
ydoxhv/ ru vlpso| wkh kljkhvw pdujlqdo xwlolw| iru wkhlu vhuylfhv/ zloo eh hqdeohg e|
ex|lqj rq pdujlq wr krog d odujhu iudfwlrq ri wkhp wkdq wkh| frxog kdyh drughg
rwkhuzlvh1
Wkh lqlwldo sulfh ri wkrvh dvvhwv zloo eh pxfk kljkhu wkdq li wkh| frxog qrw eh
xvhg dv froodwhudo iru wzr uhdvrqv= hyhu| djhqw fdq drug wr sd| pruh iru wkhp e|
surplvlqj ixwxuh zhdowk/ dqg vhfrqg/ wkh pdujlqdo ex|hu zloo whqg wr eh vrpherg|
zlwk d kljkhu pdujlqdo xwlolw| iru wkh dvvhw wkdq zrxog rwkhuzlvh eh wkh fdvh1
Dv d uhvxow ri wkh pdujlq sxufkdvhv/ wkh lqyhvwphqw e| wkh rswlplvwlf djhqwv lv
juhdwo| ohyhudjhg1 Zkhq wkh dvvhw ulvhv lq ydoxh/ wkhvh djhqwv gr h{fhhglqjo| zhoo/ dqg
zkhq wkh dvvhw idoov lq sulfh/ wkhvh djhqwv gr h{fhhglqjo| edgo|1 Wkxv rq edg qhzv
wkh vwrfn sulfh idoov iru wzr uhdvrqv= wkh qhzv lwvhoi fdxvhv hyhu|rqh wr ydoxh lw ohvv/
dqg wklv orzhu ydoxdwlrq fdxvhv d uhglvwulexwlrq ri zhdowk dzd| iurp wkh rswlplvwv
dqg wrzdug wkh shvvlplvwv zkr glg qrw ex| rq pdujlq1 Wkh pdujlqdo ex|hu ri wkh
vwrfn lv wkhuhiruh olnho| wr eh vrphrqh ohvv rswlplvwlf wkdq zrxog kdyh ehhq wkh fdvh
kdg wkh vwrfn qrw ehhq sxufkdvhg rq pdujlq/ dqg wkh lqfrph uhglvwulexwlrq qrw ehhq
vr vhyhuh1 Wkxv wkh idoo lq sulfh lv olnho| wr eh pruh vhyhuh wkdq li wkh vwrfn frxog qrw
kdyh ehhq sxufkdvhg rq pdujlq15
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Yrodwlolw| dqg Lqfrpsohwh Pdunhwv

Wkh dqdo|vlv khuh ghshqgv rq wkh +hqgrjhqrxv, lqfrpsohwhqhvv ri ulvn pdunhwv1 Zkhq
ulvn pdunhwv duh lqfrpsohwh/ wudgh lq dvvhwv dqg frqwudfwv pljkw pdnh wkh glvwulexwlrq
ri zhdowk pruh yrodwloh/ hvshfldoo| dfurvv orz suredelolw| hyhqwv1 Li dvvhw sulfhv duh
yhu| vhqvlwlyh wr wkh glvwulexwlrq ri zhdowk/ wklv fdq ohdg wr rffdvlrqdo/ odujh fkdqjhv
lq dvvhw sulfhv1
Zkhq ulvn pdunhwv duh frpsohwh/ wudgh lq frqwudfwv zloo whqg wr pdnh wkh glvwul0
exwlrq ri zhdowk idluo| frqvwdqw dfurvv vwdwhv/ holplqdwlqj wkh zlog vzlqjv srvvleoh
zlwk lqfrpsohwh pdunhwv1
Vfdufh froodwhudo hqgrjhqrxvo| olplwv wkh frqwudfw wudgh/ iruflqj lqfrpsohwh ulvn
pdunhwv hyhq zkhq dq| frqwudfw frxog eh zulwwhq +exw gholyhu| qrw hqirufhg,1

816

Yrodwlolw| LL= Dvvhw Ydoxhv dqg Pdujlq Uhtxluhphqwv

Hyhq zlwkrxw dq| fkdqjh lq wkh glvwulexwlrq ri lqfrph/ fkdqjhv lq pdujlq uhtxluh0
phqwv fdq gudpdwlfdoo| dhfw dvvhw ydoxhv1 Gxudeoh dvvhwv fdq surylgh glylghqgv
iru |hduv lqwr wkh ixwxuh/ ydvwo| h{fhhglqj wkh txdqwlw| ri frqvxpswlrq jrrgv lq wkh
suhvhqw1 Exw li wkh ex|huv ri wkh dvvhwv fdqqrw vshqg e| eruurzlqj djdlqvw wkhlu
ixwxuh zhdowk/ wkh sulfh ri wkh dvvhwv pljkw uhpdlq txlwh orz vlpso| ehfdxvh wkh olt0
xlglw| frqvwudlqhg ex|huv fdqqrw fdoo rq hqrxjk qdqfldo uhvrxufhv1 D wrxjkhqlqj
ri pdujlq uhtxluhphqwv fdq wkxv fdxvh dvvhw sulfhv wr wxpeoh1
5

Lqvwhdg ri lpdjlqlqj wkdw wkh vkrfn dqg lqfrph uhglvwulexwlrq fdxvhv wkh dvvhwv wr ehfrph sduwo|
rzqhg e| ohvv hqwkxvldvwlf ex|huv/ zklfk zh fdoohg wkh pdujlqdo ex|hu hhfw/ zh frxog lpdjlqh
lqvwhdg wkdw wkh ruljlqdo ex|huv wkhpvhoyhv ehfdph ohvv hqwkxvldvwlf dv wkhlu glplqlvkhg zhdowk +dqg
lqhylwdeoh glplqlvkhg frqvxpswlrq, orzhuhg wkh dvvhw*v pdujlqdo xwlolw| uhodwlyh wr wkh pdujlqdo
xwlolw| ri frqvxpswlrq1
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Zk| Pdujlq Uhtxluhphqwv Jhw Wrxjkhu

Wkh wkhvlv ri wklv sdshu lv wkdw oltxlglw| fulvhv uhdfk wkhlu folpd{ zlwk d vwlhqlqj
ri pdujlq uhtxluhphqwv iroorzlqj edg qhzv1 Exw pdq| nlqgv ri edg qhzv vkrxog
kdyh wkh hhfw ri orrvhqlqj pdujlq uhtxluhphqwv1 Ri frxuvh/ uhjxodwruv fdq vxgghqo|
hqirufh kljkhu pdujlqv1 Li uhwxuqv ehfrph pruh yrodwloh/ ru ohqghuv ehfrph pruh
ulvn dyhuvh/ pdujlq uhtxluhphqwv zloo olnho| vwlhq1 Ixuwkhupruh/ li zruulhv derxw
dgyhuvh vhohfwlrq ru prudo kd}dug lqfuhdvh/ pdujlq uhtxluhphqwv zloo wrxjkhq1 Doo
wkhvh idfwruv suredeo| frqwulexwhg wr wkh fulvhv ri 4<<7 dqg 4<<;1 Exw khuh zh duh
vhhnlqj uhdvrqv vwhpplqj sxuho| iurp wkh orjlf ri froodwhudo htxloleulxp zklfk frxog
h{sodlq zk| dgyhuvh qhzv pljkw ohdg wr wljkwhu pdujlqv/ dqg wkxv d pxowlsolhu hhfw
rq sulfhv1
Rqh srvvlelolw| lv wkdw zkhq ohqghuv orvh prqh| wr vrph ghidxowlqj eruurzhuv/
wkhlu ghfuhdvhg zhdowk pdnhv wkhp pruh ulvn dyhuvh1 Wkh| pljkw wkhq ghpdqg kljkhu
pdujlqv dqg wklv pd| ohdg wr d idoo lq dvvhw sulfhv1 Exw lq wkh pruwjdjh ghulydwlyh
fulvlv ri 4<<;/ qrqh ri wkh ohqghuv orvw dq| prqh|/ lqfoxglqj wkh fuhglwruv ri Orqj
Whup Fdslwdo1
Rqh lpsruwdqw txhvwlrq lv zkhwkhu d idoo lq dvvhw sulfhv wkhpvhoyhv zloo ohdg wr
kljkhu pdujlqv1 Wkh dqvzhu ghshqgv rq zkdw fdxvhg wkh idoo lq sulfh1 Yhu| riwhq
edg qhzv iru dvvhw sulfhv zloo ohdg wr d uhgxfwlrq lq pdujlq uhtxluhphqwv1
Iru h{dpsoh/ li dvvhw sulfhv ghfolqh ehfdxvh ri dq lqfrph vkrfn wr wkh qdwxudo
ex|huv/ ohqghuv pd| ghpdqg ohvv rqhurxv pdujlqv ehfdxvh wkh| ihho dvvhw sulfhv kdyh
ohvv idu wr idoo1
Li dvvhw ydoxhv iroorz d jhrphwulf udqgrp zdon/ wkhq diwhu dq dgyhuvh vkrfn/
sulfhv pd| eh orzhu/ exw wkh vwdqgdug ghyldwlrq ri rxwfrphv lv dovr vfdohg grzq/ vr
wkh pdujlq uhtxluhphqw +zklfk lv d udwlr, pd| yhu| zhoo krog frqvwdqw1
D surgxfwlylw| vkrfn wkdw udlvhv wkh suredelolw| ri +wkh vdph, edg rxwfrph zloo
whqg wr orzhu dvvhw sulfhv/ exw dovr wr hdvh pdujlqv1 Iru h{dpsoh/ vxssrvh wkdw vrph
dvvhw \ frxog surgxfh 4 zlwk suredelolw| e ru U ? 4 zlwk suredelolw| 4  e1 Vxssrvh
wkh frqwudfwv wkdw duh edfnhg e| \ lqyroyh surplvhv wkdw duh pxowlsohv ri wkh sd|rv
+4> 4, dfurvv wkh wzr vwdwhv1 Li wkh qdwxudo ex|huv zhuh ulvn qhxwudo dqg eholhyhg lq
e/ wkh dvvhw zrxog vhoo iru st @ e4 . +4  e,U/ surylghg wkdw wkhvh ex|huv kdg dffhvv
wr hqrxjk fdvk1 Li wkh ohqghuv zhuh lqqlwho| ulvn dyhuvh/ lw lv qrw xquhdvrqdeoh wr
jxhvv wkdw wkh| zrxog ohqg dw prvw U djdlqvw rqh xqlw ri \ dv froodwhudo1 Wkh pdujlq
uhtxluhphqw zrxog wkhq eh
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Lw lv fohdu wkdw li wkh suredelolw| ri d edg hyhqw lqfuhdvhv/ e jrhv grzq/ dqg p
ghfuhdvhv/ li 3 ? U ? 41 Wkh uhdvrq lv wkdw wkh gurs  lq st fdxvhv d shufhqwdjh
gurs @st lq wkh sulfh ri \ / exw d eljjhu shufhqwdjh gurs/ @+st  U,/ lq wkh
uhtxluhg grzqsd|phqw1
Rq wkh rwkhu kdqg/ lq wkh vdph vlwxdwlrq/ d surgxfwlylw| vkrfn wkdw orzhuv U/
nhhslqj e {hg/ gudpdwlfdoo| udlvhv wkh pdujlq uhtxluhphqw/ dv fdq eh vhhq lq wkh
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irupxod deryh1
Edg qhzv derxw dvvhwv w|slfdoo| grhv qrw wdnh wkh irup wkdw li ghidxow rffxuv/
wkh uhfryhu| zloo eh ohvv1 W|slfdoo| wkh edg qhzv vxjjhvwv wkdw ghidxow lv pruh olnho|/
exw qrw zruvh1 Vr krz fdq edg qhzv fuhdwh wljkwhu pdujlqvB E| lqglfdwlqj wkdw wkh
ghidxow/ li lw frphv/ zloo frph vrrqhu$ Zh vkdoo vhh wkdw wkh frpelqdwlrq ri pruh
olnho| dqg vrrqhu fdq ohdg wr kljkhu pdujlqv +hyhq wkrxjk pruh olnho| e| lwvhoi riwhq
ohdgv wr orzhu pdujlqv,1
Zh pxvw uljrurxvo| lqyhvwljdwh krz wkh pdujlq lv vhw1 Lq wkh odvw sdudjudsk/
zh ghvfulehg xwlolwlhv iru zklfk lw vhhphg sodxvleoh wkdw wkh pdujlq zrxog eh vhw
kljk hqrxjk wr holplqdwh ghidxow1 Vxssrvh lqvwhdg wkdw wkh qdwxudo ex|huv ri \ duh
ulvn qhxwudo dv ehiruh/ exw wkdw wkh| dovr jhw d xwlolw| errvw vlpso| iurp kroglqj
\ 1 Vxssrvh wkh ohqghuv duh dovr ulvn qhxwudo/ dqg djuhh zlwk wkh ex|huv wkdw wkh
suredelolw| ri wkh jrrg vwdwh lv e1 Wkhq lw fdq hdvlo| eh vkrzq wkdw wkh uhohydqw ordq
zloo surplvh 4 lq erwk vwdwhv/ exw ehfdxvh ri ghidxow lw zloo gholyhu zkdw \ gholyhuv/
qdpho| 4 ru U +wkhuhe| ghidxowlqj e| 4  U lq wkh edg vwdwh,1
Lq wkh qh{w vhfwlrqv zh suhvhqw d pruh hoderudwh h{dpsoh/ zrunhg rxw lq ghwdlo/
wr vhh krz htxloleulxp ghwhuplqhv d xqltxh froodwhudo ohyho1

9

Hqgrjhqrxv Froodwhudo zlwk Khwhurjhqrxv Eholhiv= D
Vlpsoh H{dpsoh

Zh ehjlq zlwk wkh vdph h{dpsoh lq zklfk wkhuh duh wzr jrrgv +O @ 5,> [ dqg \>
lq hdfk vwdwh v @ 3> 4> 51 [ lv d vwrudeoh frqvxpswlrq jrrg/ olnh wredffr/ dqg \ lv
dq lqyhvwphqw jrrg +vd| d wredffr sodqw, zklfk gholyhuv 4 xqlw ri [ zkhq wklqjv jr
zhoo lq vwdwh v @ 4/ dqg d vpdoohu dprxqw U ? 4 lq vwdwh v @ 51 \ lv uhplqlvfhqw ri d
ghidxowdeoh erqg ru d vhfxulwl}hg pruwjdjh/ iru zklfk wkhuh duh qrupdo sd|phqwv lq
vwdwh v @ 4 dqg ghidxow zlwk uhfryhu| U lq vwdwh v @ 51
Lq wkh odvw Vhfwlrq zh dvvxphg lqqlwho| ulvn dyhuvh ohqghuv dqg wulyldoo| ghgxfhg
wkdw dfwlyh pdujlq uhtxluhphqwv zrxog uxoh rxw ghidxow1 Qh{w zh dvvxphg frpsohwho|
ulvn qhxwudo eruurzlqj dqg ohqglqj dqg wulyldoo| ghgxfhg wkdw wkhuh zrxog eh dfwlyh
ghidxow1 Zh wxuq qrz wr d pruh vxewoh vlwxdwlrq lq zklfk wkhuh duh rswlplvwv zkr
wklqn wkdw vwdwh 4 lv yhu| olnho| dqg shvvlplvwv zkr gr qrw1 Wkh sulfh ri \ +lq whupv
ri [, dw wlph 3 zloo qdwxudoo| eh vrphzkhuh ehwzhhq 4 dqg U/ uh hfwlqj wkh dyhudjh
rslqlrq derxw wkh suredelolw| ri wkh jrrg vwdwh1 Dw wkdw sulfh/ wkh rswlplvwv zrxog
olnh wr ex| \ iurp wkh shvvlplvwv/ exw wkh| gr qrw kdyh wkh fdvk1 Wkh| zrxog jodgo|
eruurz wkh prqh|/ exw wkh| pxvw sxw xs \ dv froodwhudo iru wkhlu ordqv1 Wkhuh zloo
eh d phqx ri ordqv/ vrph zlwk orz uhtxluhg froodwhudo +orz pdujlq,/ exw kljk lqwhuhvw
udwhv/ dqg rwkhu frqwudfwv zlwk orz lqwhuhvw udwhv exw kljk pdujlq uhtxluhphqwv1 Zloo
rqo| rqh frqwudfw eh wudghg lq htxloleulxp/ wkxv ghwhuplqlqj erwk wkh lqwhuhvw udwh
dqg wkh pdujlq uhtxluhphqwB Li vr/ zloo lw eh wkh vrfldoo| h!flhqw frqwudfwB Ohw xv
eh suhflvh1
Ohw hdfk djhqw k 5 K  ^3> 4` dvvljq suredelolw| k wr v @ 4 dqg suredelolw| 4  k
wr v @ 51 Djhqwv zlwk k qhdu 4 duh rswlplvwv/ djhqwv zlwk k qhdu 3 duh shvvlplvwv1
+Wkh khwhurjhqhlw| lq eholhiv pd| eh uhjdughg dv d uhgxfhg irup yhuvlrq ri d pruh
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frpsolfdwhg prgho lq zklfk orz k djhqwv duh pruh ulvn dyhuvh/ ru kdyh uhodwlyho|
eljjhu hqgrzphqwv lq vwdwh 4,1
s=1

h
s=0
1

_

h

s=2

Iljxuh 4
Vxssrvh wkdw hdfk xqlw ri [ jlyhv 4 xqlw ri frqvxpswlrq xwlolw| lq hdfk vwdwh dqg
wkdw \ jlyhv qr xwlolw| ri frqvxpswlrq=
x +{f > |f > { > | > {2 > |2 , @ {f . k{ . +4  k,{2
Vxssrvh wkdw hdfk djhqw k kdv dq hqgrzphqw ri h xqlwv ri jrrg [ dqg rqh xqlw ri
jrrg \ lq vwdwh v @ 3/ dqg qrwklqj rwkhuzlvh=
h @ +hf% > hf+ > h% > h+ > h2% > h2+ , @ +h> 4> 3> 3> 3> 3,=
Vxssrvh wkdw [ lv shuihfwo| gxudeoh li zduhkrxvhg dqg h{wlqjxlvkhg li frqvxphg
+olnh wredffr,1 Vxssrvh wkdw 4 xqlw ri \ jlyhv 4 xqlw ri [ lq vwdwh v @ 4 dqg U ? 4
xqlwv ri [ lq v @ 51
Zh fdq zulwh wklv irupdoo| dv
irf ++{> |,, @ iru ++{> |,, @ ir ++{> |,, @ +3> 3,> v @ 4> 5
ir` ++{> |,, @ +{ . |> 3,> v @ 4
ir` ++{> |,, @ +{ . U|> 3,> v @ 5=
Zh vxssrvh wkdw hyhu| frqwudfw m surplvhv 4 xqlw ri [ lq hdfk vwdwh v @ 4> 5=
Dr @ +4> 3,> v @ 4> 5> m 5 M=
Wkh froodwhudo uhtxluhg e| frqwudfw m lv m xqlwv ri jrrg \ lq d zduhkrxvh=
Fu @ F @ +3> 3,> m 5 M
F` @ +3> m,> m 5 M=
Ex|lqj rqh xqlw ri \ rq pdujlq yld frqwudfw m lq vwdwh 3 phdqv vhoolqj 4@m xqlwv
ri frqwudfw m iru   @m/ wkhq sd|lqj sft    @m fdvk pdujlq soxv wkh eruurzhg   @m
iru wkh rqh xqlw ri \ 1
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Iru frqyhqlhqfh zh wdnh d frqwlqxxp ri djhqwv K @ ^3> d` dqg dvvhwv M @ ^3> 43ff `1
+Wkh ghqlwlrq
ri htxloleulxp
U pxvw wkhq eh prglhg lq wkh reylrxv zd|/ uhsodflqj
S
wkh vxp  e| wkh lqwhjudo gk dqg uhvwulfwlqj hdfk djhqw wr wudgh d qlwh qxpehu
ri frqwudfwv1, Wkh sdudphwhu d zloo frqwuro wkh qxpehu ri rswlplvwv1 Zh surfhhg wr
frpsxwh htxloleulxp1
Wkh uvw +dqg shukdsv prvw lpsruwdqw, surshuw| ri htxloleulxp lv lqghhg wkdw rqo|
rqh frqwudfw zloo eh wudghg1 Lq idfw/ lw lv wkh frqwudfw zlwk m W @ 4@U/ jxdudqwhhlqj
wkdw ixoo gholyhu| lv mxvw eduho| pdgh lq vwdwh v @ 5 +dqg pdgh zlwk hdvh lq v @ 4,1
Ohw xv whpsrudulo| wdnh wklv fodlp rq idlwk dqg frqvwuxfw wkh htxloleulxp/ yhuli|lqj
wkh fodlp dw wkh hqg1
Zh fkrrvh [ dv qxphudluh/ {lqj srf @ 4 ;v @ 3> 4> 51 Fohduo| st @ s2t @ 31
Vrph djhqw e 5 +3> d, zloo eh lqglhuhqw wr ex|lqj ru vhoolqj \ dw wlph 31 Ehfdxvh
ri wkh olqhdu xwlolwlhv/ zh jxhvv wkdw djhqwv k A e zloo ex| doo wkh| fdq drug ri \
+diwhu vhoolqj doo wkhlu [ dqg eruurzlqj wr wkh pd{,/ dqg djhqwv k ? e zloo vhoo doo
wkh| kdyh ri \ / ohqg +ex| frqwudfw m W ,/ dqg frqvxph [1 Vlqfh wkhuh lv qr ghidxow/
dqg qr lpsdwlhqfh +glvfrxqwlqj,/ wkh sulfh   @ 4/ dqg wkh lqwhuhvw udwh lv 31 Wkh
wrwdo prqh| vshqw rq sxufkdvhv ri \ zloo eh wkh [ hqgrzphqwv ri djhqwv k 5 +e> d`/
wrwdoolqj h+d  e,/ soxv wkh prqh| wkh| fdq eruurz/ zklfk lv U rq hdfk xqlw ri \
wkh| rzq/ soxv U rq hdfk xqlw ri \ wkh| ex|1 Wrwdo qhw vdohv ri \ duh wkh e xqlwv ri
djhqwv k 5 ^3> e,/ jlylqj d sulfh lq htxloleulxp ri
W

sft @

h+d  e, . +d  3,U
=
e

+4,

D ex|hu rq pdujlq ri \ pxvw sxw grzq sft  U @ ^h+d  e, . dU,`@e  U @
^+d  e,+h . U,`@e ri klv rzq prqh|/ jhwwlqj d sd|r ri 4  U lq vwdwh 4 dqg 3 lq vwdwh
51 Vlqfh k @ e lv lqglhuhqw wr ex|lqj rq pdujlq/ ^+d  e,@e`+h . U, @ e+4  U,/ ru
e2 +4  U, . e+h . U,  d+h . U, @ 3/ ru
s
+h . U, . +h . U,2 . 7d+h . U,+4  U,
=
+5,
e@
5+4  U,
Qrwlfh wkdw djhqw e pxvw dovr eh lqglhuhqw wr ex|lqj \ gluhfwo| iurp fdvk/
zlwkrxw eruurzlqj/ vr
+6,
sft @ e4 . +4  e,U=
Wkh sulfh ri \ lv jlyhq e| wkh pdujlqdo xwlolwlhv ri wkh pdujlqdo ex|hu e1
Lw iroorzv wkdw ex|lqj \ rq pdujlq yld frqwudfw m W frvwv rq qhw sft U @ e+4U,>
dqg sd|v 4  U lq vwdwh 4 dqg 3 lq vwdwh 51
K
@
@
@ @3
/ * @ U @3
/
Wkxv iru k A e/ {f @ 3/ |f @ 3/ Ft` * @ 4 . @3
K
K
K
@


{ @ +4  U, @3K / {2 @ 3/ dqg doo rwkhu fkrlfh yduldeohv htxdo }hur1 Iru k ? e/
W

W

{f @ h . E@3K K h/ |f @ 3/  @ U @K / { @ U @K @ {2 / dqg doo rwkhu fkrlfh yduldeohv 31
Rqh fdq hdvlo| fkhfn wkdw vxsso| htxdov ghpdqg/ dqg wkdw hdfk djhqw lv edodqflqj
klv exgjhw/ xvlqj wkh ghqlwlrq ri sft 1
Wr qlvk wkh ghvfulswlrq ri wkh htxloleulxp/ zh pxvw ghvfuleh doo wkh rwkhu sulfhv/
dqg vkrz wkdw wkh djhqw dfwlrqv duh rswlpdo1 Lq sduwlfxodu/ zh pxvw fkhfn wkdw
W

4:

qr djhqw zdqwv wr ex| ru vhoo +ohqg ru eruurz, dq| frqwudfw m zlwk froodwhudo ohyho
F 9@ F 1 Wklv lv vxusulvlqj/ ehfdxvh rswlplvwv duh yhu| hdjhu wr ex| \> dqg rqh
pljkw lpdjlqh wkdw wkh| zrxog eh zloolqj wr sd| d kljk lqwhuhvw udwh +l1h1 jhw d orz
  , wr eruurz yld frqwudfw m zlwk d orzhu froodwhudo ohyho1 Exw zh vkdoo vhh wkdw wkh
htxloleulxp lqwhuhvw udwh +4@   4, zloo eh vr kljk/ wkdw wkh rswlplvwv zloo fkrrvh qrw
wr eruurz dw froodwhudo ohyhov m 9@ m W = Zh pxvw dovr fkhfn wkdw dw vxfk d kljk lqwhuhvw
udwh/ qrerg| zdqwv wr ohqg1
Zh douhdg| vdlg wkdw iru froodwhudo ohyho F @ +3> m W , @ +3> 4@U,/   @ 41 Lq
jhqhudo/ zh vhw
+7,
  @ e plqi4> mj . +4  e, plqi4> mUj
W

W

W

htxdo wr wkh pdujlqdo xwlolw| ri djhqw e1 Iru m A m W / froodwhudo ohyhov duh zdvwhixo/ vlqfh
wkhq wkh froodwhudo pruh wkdq fryhuv wkh ordq1 Wkxv   @ 4 iru doo m A m W 1 Qrerg|
kdv dq| uhdvrq wr ohqg +ex|, yld frqwudfw m A m W / vlqfh kh jhwv wkh vdph sulfh dqg
uhwxuq dv zlwk frqwudfw m W 1 Vlploduo|/ qrerg| zrxog vhoo +eruurz yld, m A m W / vlqfh
wkh sulfh lv wkh vdph rq m dv m W / dqg wkh froodwhudo whupv duh pruh rqhurxv1
Zh qrz wxuq wr frqwudfwv m ? m W 1 Wkhvh frqwudfwv lqyroyh ghidxow/ exw wkh|
ghpdqg kljkhu lqwhuhvw +orzhu sulfh iru wkh vdph surplvh,1 Lq hhfw wkh| sd| ohvv lq
vwdwh 5 exw pruh lq vwdwh 4 wkdq dvvhw m W 1 Wklv lv edg iru rswlplvwlf eruurzhuv k A e
dqg dovr edg iru shvvlplvwlf ohqghuv k ? e/ vlqfh wkhvh frqwudfwv gholyhu pruh lq wkh
hyhqw eruurzhuv wklqn zloo kdsshq dqg ohqghuv wklqn zloo qrw kdsshq1 Li dq|wklqj/
fdxwlrxv rswlplvwv zlwk k eduho| eljjhu wkdq e pljkw zdqw wr ohqg yld frqwudfw m1
Exw ohqglqj uhtxluhv prqh|/ dqg wkh| zrxog udwkhu vshqg doo wkhlu iuhh oltxlglw| rq
\f 1 Zh qrz vkrz uljrurxvo| wkdw wkhuh zloo eh qr wudgh lq frqwudfwv m ? m W 1
D ex|hu ri frqwudfw m uhfhlyhv G @ plqi4> mj lq vwdwh 4 dqg G2 @ plqi4> mUj @
mU ? G lq vwdwh 51 D vhoohu ri frqwudfw m pxvw dovr ex| wkh froodwhudo frqvlvwlqj
ri m xqlwv ri \ 1 Rq qhw lq vwdwh v kh uhfhlyhv Gr . mir +3> 4,1 Lq vwdwh 4 wklv lv
 plqi4> mj . m4  3/ dqg lq vwdwh 5 wklv lv  plqi4> mUj . mU @ 31 Qrwlfh wkdw erwk
wkh ex|hu dqg vhoohu ri frqwudfw m jhw d sd|r dw ohdvw dv kljk lq vwdwh 4 dv lq vwdwh 51
Doo sulfhv duh ghwhuplqhg olqhduo| e| wdnlqj h{shfwdwlrqv zlwk uhvshfw wr +e> 4  e,1
Djhqwv k ? e zloo wkhuhiruh uhjdug hdfk sd|r dv wrr h{shqvlyh/ ru dw ehvw/ dv euhdn
hyhq1 Wr vhh wkdw djhqwv k A e gr qrw zlvk wr wudgh hlwkhu vlgh ri frqwudfwv m 9@ m W /
revhuyh wkdw wkhlu exgjhw vhw lv lqfoxghg lq E  i+{f > { > {2 , = {f . e{ . +4  e,{2 @
h . e4 . +4  e,Uj1 Hyhu| dvvhw dqg frqwudfw wudghv dw d sulfh htxdo wr lwv frqwlqjhqw
[ sd|rv/ ydoxhg dw sulfh +4> e> 4  e,1 Wkh froodwhudo uhtxluhphqwv pdnh wudghv pruh
gl!fxow/ uhgxflqj wkh uhdo exgjhw vhw vwulfwo| lqvlgh E1 Lq E/ djhqwv k A e fohduo|
zrxog wdnh { @ ^h . e . +4  e,U`@e/ {f @ {2 @ 3/ wkdw lv/ wkh| zrxog vshqg doo
wkhlu zhdowk lq vwdwh 41 Exw/ dv zh vdz/ wkdw lv h{dfwo| zkdw wkh| duh deoh wr gr
yld pdujlq eruurzlqj rq frqwudfw m W 1 Wkhuhiruh wkh| kdyh qr lqfhqwlyh wr wudgh dq|
rwkhu frqwudfw m 9@ m W 1
Ehorz duh htxloleuld iru ydulrxv ydoxhv ri wkh h{rjhqrxv sdudphwhuv +U> d> h,1
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Frqvlghu wkh fdvh zkhuh d @ h @ 4 dqg U @ =5= Wkh pdujlqdo ex|hu lv e  =9<>
dqg wkh sulfh ri wkh dvvhw sft  =9<+4, . =64+=35, @ =:8=
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Wkh Pdujlqdo Ex|hu

D vwulnlqj surshuw| ri wkh h{dpsoh lv wkdw wkh sulfhv ri wkh dvvhw \ dqg doo wkh
frqwudfwv m 5 M duh vhw e| wkh pdujlqdo xwlolwlhv ri d sduwlfxodu pdujlqdo ex|hu e 5 K1
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Hqgrjhqrxv Pdujlq Uhtxluhphqw

Zh vdz wkdw htxloleulxp hqgrjhqrxvo| vhwv wkh pd{lpxp ordq edfnhg e| 4 xqlw ri
\ dw U/ wkxv uxolqj rxw ghidxow1 Wkh pdujlq uhtxluhphqw lv wkhq
p

sft    
W

W

sft

@4

U
U
> +4  p, @
sft
sft

+8,

zkhuh sft @ e4 . +4  e,U1 Iru +U> d> h, @ +=5> 4> 4,> wkh pdujlq uhtxluhphqw lv
p  +=:8  =5,@=:8  =:6=
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Pdujlq Ihhgedfn Hhfwv

Lq wkh wdeoh zh vhh wkdw d ghfuhdvh lq U ohdgv wr d ghfolqh lq sft 1 Wklv lv qdwxudo/ vlqfh
zlwk orzhu U/ \ kdv orzhu h{shfwhg sd|r1 Wkh lqwhuhvwlqj srlqw lv wkdw sft idoov e|
pruh wkdq wkh h{shfwhg rxwsxw ri \ / fdofxodwhg zlwk uhvshfw wr wkh suredelolwlhv ri
wkh pdujlqdo ex|hu e lq wkh rog htxloleulxp1 Iru h{dpsoh/ zkhq +U> d> h, @ +=5> 4> 4,/
sft @ e4 . +4  e,=5  =9<+4, . =64+=5,  =:81 Zkhq U idoov wr 14/ h{shfwhg rxwsxw dw
wkh rog e idoov wr =9<+4, . +=64,+=4,  =:51 Exw dfwxdo sft idoov wr 19</ dv fdq eh vhhq
lq wkh wdeoh1 Wkxv sft idoov e| wzlfh dv pxfk dv zrxog eh h{shfwhg iurp lwv gurs lq
h{shfwhg rxwsxw1
Ri frxuvh/ wkh uhdvrq iru wklv odujh idoo lq sft lv wkdw e idoov1 Dv U idoov/ wkh
irupxod +5, vkrzv wkdw e pxvw idoo16 E| +6,/ sft idoov iru wzr uhdvrqv1 Lw idoov ehfdxvh
6
Wr vhh wklv dqdo|wlfdoo|/ frqvlghu wkh htxdwlrq s EKc - ' K2 E 3 - n KEe n - 3 @Ee n -/ dqg
uhfdoo wkdw KE- lv ghqhg vr wkdw s EKE-c - ' f1 Fohduo| Ys *YK : f/ dqg Ys *Y- ' 3K2 n K 3 @ f1
Li - idoov/ K pxvw idoo wr uhvwruh s EKE-c - ' f

4<

zlwk orzhu U/ wkh h{shfwhg sd|r iurp \ idoov/ frpsxwhg zlwk uhvshfw wr wkh rog
suredelolw| e1 Exw sft idoov djdlq ehfdxvh wkh qhz pdujlqdo ex|hu lv ohvv rswlplvwlf/
e ? e/ dqg zlwk e uhsodflqj e/ sft zrxog idoo hyhq zlwk wkh rog U1
Wkh uhdvrq iru wkh gurs lq e lv wkh vkdus lqfuhdvh lq pdujlq uhtxluhphqwv1 Zlwk
\ pxfk ohvv h{shqvlyh/ rqh zrxog h{shfw e wr ulvh/ vlqfh suhvxpdeo| d vpdoohu furzg
ri rswlplvwv frxog qrz drug wr ex| xs doo wkh \ 1 Wkh rqo| srvvleoh h{sodqdwlrq lv
wkdw wkh htxloleulxp pdujlq uhtxluhphqwv kdyh jrqh zd| xs/ zklfk zh fdq frqup
dqdo|wlfdoo|1 Xvlqj wkh pdujlq uhtxluhphqw p lq +8,/ zh fdq zulwh U @ +4  p,sft 1
Soxjjlqj wkdw lqwr wkh UKV ri +4, zh jhw
sft @

4
h+d  e,
@
dp =
e  d+4  p,
4 .
de

+9,

Vlqfh e dqg sft idoo zkhq U idoov/ lw iroorzv iurp +9, wkdw p pxvw ulvh dv U idoov1
Lqghhg/ dw +U> d> h, @ +=4> 4> 4, wkh pdujlq uhtxluhphqw ulvhv wr p  =;8=
Wkxv d idoo lq U kdv d gluhfw hhfw rq sft / ehfdxvh lw orzhuv h{shfwhg rxwsxw/ exw
lw dovr kdv dq lqgluhfw hhfw rq sft e| udlvlqj pdujlq uhtxluhphqwv1 Dqg wkh lqgluhfw
hhfw fdq eh dv odujh dv wkh gluhfw hhfw1
Wr sxw wkh pdwwhu lq glhuhqw zrugv/ dq dv|pphwulfdoo| shufhlyhg ghfuhdvh lq
wkh surgxfwlylw| dqg vdihw| ri wkh dvvhw \ ohdgv wr dq hyhq juhdwhu idoo lq lwv sulfh/
ehfdxvh lw dovr pdnhv lw kdughu wr eruurz/ dqg pdunhwv ehfrph ohvv oltxlg1
E| frqwudvw/ frqvlghu wkh hhfw ri d ghfuhdvh lq oltxlg zhdowk h1 Wklv dovr uhgxfhv
wkh ydoxh ri \ 1 D gurs lq +U> d> h, @ +=5> 4> 4, wr +=5> 4> =:8, fdxvhv sft wr gurs iurp 1:8
wr 1:5/ dqg e wr gurs iurp 19< wr 1981 Exw wkh gurs lq oltxlglw| lv sduwo| dpholrudwhg
e| d ghfuhdvh lq pdujlq uhtxluhphqwv/ iurp p @ =:6 wr p @ =:51
Vlploduo|/ d idoo lq wkh qxpehu ri rswlplvwlf ex|huv d qdwxudoo| ohdgv wr d gurs lq
sft dqg lq e1 Dv +U> d> h, idoov iurp +=5> 4> 4, wr +=5> =:8> 4,/ sft idoov iurp 1:8 wr 1971
Exw p dovr idoov iurp 1:6 wr 19</ sduwo| gdpslqj zkdw zrxog kdyh ehhq d zruvh idoo
lq sft 1
Wkxv zh vhh wkdw fhuwdlq nlqgv ri vkrfnv whqg wr uhgxfh dvvhw sulfhv/ exw lq d
gdpshg zd| ehfdxvh wkh| dovr orzhu pdujlq uhtxluhphqwv1 Rq wkh rwkhu kdqg/ zh
vkdoo vhh wkdw vkrfnv wkdw uhgxfh ydoxh ohvv iru ex|huv wkdq iru vhoohuv orzhu sulfh e|
pruh wkdq wkh| orzhu h{shfwhg ydoxh wr wkh ruljlqdo pdujlqdo ex|hu/ ehfdxvh wkh| dovr
whqg wr udlvh wkh pdujlq uhtxluhphqw/ pdnlqj d ohvv rswlplvwlf ex|hu wkh pdujlqdo
ex|hu/ jlylqj d vhfrqg uhdvrq iru sulfhv wr idoo1
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Hqgrjhqrxv Ghidxow

Zh vdz lq wkh h{dpsoh wkdw wkh htxloleulxp pdujlq uhtxluhphqwv zhuh vhw vr wkdw
wkhuh zrxog eh qr ghidxow1 Exw wkdw lv qrw qhfhvvdulo| wkh fdvh1 Frqvlghu d yduldqw
ri wkh odvw h{dpsoh lq zklfk wkhuh duh wkuhh vwdwhv/ zlwk sd|rv ri \ dqg djhqw0
ghshqghqw suredelolwlhv jlyhq ehorz=
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1
h / (1 + P )
(1 _ h) / (1 + P )
R

P / (1 + P )

~
R

Iljxuh 5
Qrwh wkdw doo djhqwv djuhh rq wkh suredelolw| ri v @ 61 Lw lv hdv| wr fkhfn wkdw iru
 ? U/ lq htxloleulxp/ rqo| dvvhw m W @ 4@U zloo eh wudghg/ h{dfwo| dv ehiruh1 Li
dq| U

U ? U/ wkhq wkhuh zloo eh ghidxowv lq vwdwh 61 Udwkhu wkdq dgmxvwlqj wkh froodwhudo
ohyho wr pdlqwdlq }hur ghidxow/ htxloleulxp zloo dgmxvw wkh sulfh ri doo wkh ordqv wr
frpshqvdwh ohqghuv iru wkh kljkhu h{shfwhg orvv iurp ghidxow1 Lq wkh qhz htxloleulxp/
wkh sulfh ri \ dqg hyhu| frqwudfw m djdlq lv fdofxodwhg dffruglqj wr wkh suredelolwlhv
ri wkh qhz pdujlqdo wudghu e=
e
4  e
% 
4.
U.
U
4.%
4.%
4.%
e
4  e
%

plqi4> mj .
plqi4> mUj .
plqi4> m Uj=

 @
4.%
4.%
4.%

sft @

Li wkh qhz htxloleulxp zlwk % A 3 kdg wkh vdph pdujlqdo ex|hu dv ehiruh/ zkhq
% @ 3/ wkhq wkh qhz sulfh sft zrxog eh ohvv wkdq wkh rog sft e| wkh h{shfwhg orvv lq
 Wkh idoo lq U  zrxog/ krzhyhu/ rqo| eh ^4@+4.%,`+UU,/

rxwsxw ^%@+4.%,`+sft U,1
zklfk lv vpdoohu1 Khqfh djhqwv zrxog qhhg ohvv fdvk diwhu eruurzlqj wr ex| \f 1 Wklv
gulyhv wkh sulfh ri \f xs/ ru htxlydohqwo| lw gulyhv wkh pdujlqdo ex|hu e A e1 +D
frxqwhuydlolqj irufh lv wkdw djhqwv k A e fdq eruurz ohvv rq wkh \ wkh| ehjlq e|
 qhdu U/ wklv lv d ohvv lpsruwdqw hhfw1, Wkxv wkh htxloleulxp sulfh
rzqlqj1 Iru U
st f idoov ohvv wkdq wkh h{shfwhg gurs lq rxwsxw dw wkh rog e1 Idu iurp d ihhgedfn/
qhzv ri d srwhqwldo ghidxow/ li xqlyhuvdoo| djuhhg xsrq lq suredelolw|/ orzhuv dvvhw
sulfhv e| ohvv wkdq wkh gluhfw hhfw1
 kdv
Wklv fdq eh yhulhg e| qrwlqj wkdw wkh hfrqrp| zlwk sdudphwhuv +d> h> U> %> U,
wkh vdph htxloleulxp pdujlqdo ex|hu dv wkh rog hfrqrp| zlwk sdudphwhuv +d> h> U,/

zkhuh h @ h . e2 +4  U,@+d  e,  +U  U,1
W
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H!flhqf| yv1 Frqvwudlqhg H!flhqf|

Froodwhudo htxloleulxp lv fohduo| qrw Sduhwr h!flhqw1 Lq rxu h{dpsoh/ djhqwv k ? e
hqg xs frqvxplqj U+d@e, xqlwv lq vwdwhv v @ 4 dqg v @ 51 Lq sduwlfxodu/ djhqw k @ 3/
54

zkr dwwdfkhv suredelolw| }hur wr v @ 4/ frqvxphv U+d@e, A 3 lq vwdwh 4/ li U A 31 Lw
zrxog eh ehwwhu li kh frxog vhoo vrph ri klv v @ 4 frqvxpswlrq wr djhqw k @ e  % lq
h{fkdqjh iru vrph v @ 5 frqvxpswlrq1
Zkhq U @ 3/ djhqwv k A e frqvxph qrwklqj lq vwdwh 5/ dqg djhqwv k ? e frqvxph
qrwklqj lq vwdwh 41 Exw vwloo wkh froodwhudo htxloleulxp lv lqh!flhqw/ ehfdxvh djhqwv
k ? e frqvxph 4 . ^+d  e,@e` xqlwv dw wlph 31 Djdlq djhqwv k @ 3 dqg k @ e  %
frxog erwk eh pdgh ehwwhu r li wkh| frxog wudgh vrph {f iru vrph {2 1
Zh qrz frpsxwh wkh DuurzGheuhx sulfhv +4> eW > 4  eW ,1 Wkh| pxvw lqgxfh doo
djhqwv k 5 +eW > d` wr frqvxph rqo| lq vwdwh 4/ dqg doo djhqwv k 5 ^3> eW , wr frqvxph
rqo| lq vwdwh 5/ iru vrph eW 1 Vlqfh djjuhjdwh rxwsxw lq vwdwh 4 lv hd . d/ dqg lq vwdwh
5 lw lv hd . dU/ zh frqfoxgh wkdw ^L+d  eW ,`@eW @ hd . d dqg LeW @+4  eW , @ hd . dU/
zkhuh L @ eW +h.4,.+4eW ,+h.U, lv wkh zhdowk dw sulfhv eW ri hyhu| djhqw k 5 ^3> d`1
Lw iroorzv iurp vrph dojheud wkdw
s
+4 . d,+h . U, . +4 . d,2 +h . U,2 . 7d+h . U,+4  U,
W
? e=
+:,
e @
5+4  U,
Zh vhh wkhuhiruh wkdw lq froodwhudo htxloleulxp lw lv srvvleoh iru dvvhw sulfhv wr
eh pxfk kljkhu wkdq lq DuurzGheuhx htxloleulxp1 Wklv ri frxuvh lv frquphg e|
vlpxodwlrq1 Zkhq U @ 3 dqg h @ d @ 4/ eW @ sWft @ 3=747 ? 3=95 @ sft 1 Zkhq
U @ 3=5 dqg h @ d @ 4/ sWft @ 3=76 ? 3=:8 @ sft dqg vr rq1
Vlqfh froodwhudo htxloleulxp jlyhv ulvh wr dvvhw sulfhv wkdw duh wrr kljk +sft A
sWft ,/ rqh lv whpswhg wr wklqn wkdw jryhuqphqw lqwhuyhqwlrq wr lpsrvh kljk pdujlq
uhtxluhphqwv zrxog eh ehqhfldo1 Lw lv sduwlfxoduo| whpswlqj zkhq wkhuh duh ghidxowv/
dv lq wkh yduldqw ri wkh h{dpsoh frqvlghuhg lq Vhfwlrq 9171 Exw e| wkh frqvwudlqhg
h!flhqf| wkhruhp lq Jhdqdnrsorv]dph/ qr doorfdwlrq dfklhydeoh zlwk wkh froodwhudo
hqirufhphqw phfkdqlvp iru gholyhu| frxog gr ehwwhu/ vlqfh uhodwlyh sulfhv srt @srf @ 3
dw hyhu| htxloleulxp/ iru v @ 4> 5=1

:

Fudvkhv

Zh wxuq qrz wr d g|qdplf frqwh{w lq zklfk zh fdq qg ihhgedfnv iurp zhdowk
uhglvwulexwlrq dqg pdujlq fkdqjhv dw wkh vdph wlph1 Lpdjlqh d pxowlshulrg prgho/
zlwk wkh djhqw vshflf suredelolwlhv dqg sd|rv iurp dvvhw \ lqglfdwhg ehorz1 Lw lv
qrz frqyhqlhqw wr odeho djhqw*v k*v rslqlrq ri wkh suredelolw| ri xs e| j+k,1
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s = UU
g(h)

1

s=U
g(h)
1

_

g(h)

s=0
1

_

g(h)

s = UD 1
s = DU 1

g(h)
s=D
1

_

g(h)
s = DD

R

Iljxuh 6
Wkh wuhh urxjko| fruuhvsrqgv wr wkh srvvlelolw| ri ghidxow jhwwlqj forvhu/ dv zhoo dv
pruh suredeoh1 Dq dvvhw \ fdq sd| r 4 ru ghidxow dqg sd| r U ? 41 Hdfk shulrg
wkhuh lv hlwkhu jrrg qhzv ru edg qhzv/ lqghshqghqwo| gudzq1 Wkh dvvhw \ ghidxowv
rqo| li wkhuh duh wzr edg vljqdov1 Diwhu wkh uvw edg vljqdo/ wkh suredelolw| ri ghidxow
ulvhv/ dqg wkh krul}rq ryhu zklfk wkhuh pd| eh d ghidxow vkruwhqv1 +Wkh uhvw ri wkh
wuhh/ iru h{dpsoh zkhuh wkhuh lv rqh jrrg vljqdo dqg wzr edg vljqdov/ lv frpsuhvvhg
iru vlpsolflw| lqwr wkh vlpsoh wkuhh0vwdjh wuhh deryh1,
Wdnh wkh fdvh zkhuh j+k, @ 4  +4  k,2 1 Dw wlph 3/ djhqw k dwwdfkhv suredelolw|
+4k,e ri hyhqwxdo ghidxow lq dvvhw \ 1 Li kh jhwv edg qhzv/ v @ G/ wkhq klv suredelolw|
ulvhv wr +4 k,2 lq wkh qh{w shulrg1 Iru dq rswlplvw zlwk k qhdu 4/ wklv pd| eh kdugo|
dq| fkdqjh dw doo1
Hdfk qrgh ru vwdwh v lq wkh wuhh lv ghqhg e| lwv klvwru| ri X dqg G*v1 Wkh qrgh
vG phdqv wkh qrgh zkhuh wkh pryh G rffxuuhg diwhu wkh klvwru| v1 Vlploduo| iru vX1
Djdlq ohw wkhuh eh wzr jrrgv [ dqg \ lq hdfk vwdwh/ zkhuh [ lv olnh fljduhwwhv
dqg \ lv olnh d wredffr sodqw wkdw zloo surgxfh rqo| lq wkh odvw shulrg1 \ surgxfhv
rqh fljduhwwh/ xqohvv wzr lqghshqghqw hyhqwv jr edg/ lq zklfk fdvh lw surgxfhv rqo|
U ? 41
Hqgrzphqwv duh 4 xqlw ri [ dqg \ dw v @ 3/ dqg 3 rwkhuzlvh=
hff @ hft @ 4> hrf @ hrt @ 3 ;v 9@ 3> ;k 5 K=
Dv ehiruh/ [ lv gxudeoh exw h{wlqjxlvkdeoh e| surgxfwlrq/ dqg \ lv gxudeoh xqwlo
lwv qdo rxwsxw ri [ lv surgxfhg1 Ohw ir +} > }2 ,/ ghqrwh wkh rxwsxw lq vwdwh v iurp
wkh lqsxwv +} > }2 , ri [ dqg \ lq wkh xqltxh vwdwh vW suhfhglqj v1 Wkhq iru v 9@ 3/
frqvxpswlrq ghvwur|v wkh jrrg=
irf +} > }2 , @ ir +} > }2 , @ iru +} > }2 , @ 3

Zduhkrxvlqj rq wkh rwkhu kdqg surgxfhv
`
iL` +} > }2 , @ i(
+} > }2 , @ +} > }2 ,
`
`
`
iL L +} > }2 , @ iL( +} > }2 , @ i(L
+} > }2 , @ +} . }2 > 3,

`
i((
+} > }2 , @ +} . U}2 > 3,=
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Xwlolw| dv ehiruh lv jlyhq e| wkh h{shfwhg frqvxpswlrq ri {/
X  +{> {` > |, @ {f .j+k,{L .+4j+k,,{( .j 2 +k,{LL .j+k,+4j+k,,^{L( .{(L `.+4j+k,,2 {(( =
Zh dvvxph qrz wkdw K @ ^3> `=
Lq hdfk vwdwh vW wkhuh lv d frqwudfw m 5 M wkdw surplvhv 4 xqlw ri [ lq hdfk
vxffhvvlyh vwdwh v dqg uhtxluhv m xqlwv ri \ dv froodwhudo dw wlph vW 1 Zh zulwh
Dr @ +4> 3, ;v 9@ 3
Fr  @ +3> m, ;v 9@ 3=
W

Sulfhv dv ehiruh duh jlyhq e| srf / srt ;v dqg  r iru doo vwdwhv v dqg doo m 5
M1 Lw lv xqghuvwrrg wkdw hf @ 3 dqg wkdw  r @ 3 iru wkh whuplqdo vwdwhv v 5
iXX> XG> GX> GGj1
Wkh exgjhw vhw iru hdfk djhqw k lv jlyhq e| h{dfwo| wkh vdph htxdwlrqv dv ehiruh/
exw iru hyhu| vwdwh v vhsdudwho|1 Lw lv xqghuvwrrg wkdw wkh rxwsxw ir +} > }2 , ehorqjv
wr wkh rzqhu ri wkh lqsxw +} > }2 , dw vwdwh vW 1
Ohw xv qrz frpsxwh htxloleulxp1 Lw lv fohdu wkdw lq vwdwh X zh zloo kdyh sL t @
4 @  L  zkhuh m W @ 41 Wkh sulfh s(t zloo ghshqg rq zkdw kdsshqv dw v @ 3> dqg rq
wkh uhvxowlqj uhglvwulexwlrq ri zhdowk dw v @ G= Ohw xv jxhvv djdlq wkdw doo frqwudfw
wudgh dw v @ G wdnhv sodfh yld wkh frqwudfw m( zkhuh m( @ 4@U/ dqg wkdw doo frqwudfw
wudgh dw v @ 3 wdnhv sodfh yld wkh frqwudfw mf / zkhuh mf @ 4@s(t 1
Iroorzlqj wklv jxhvv zh ixuwkhu vxssrvh wkdw dw wlph 3/ doo djhqwv k 5 +d> ` eruurz
wr wkh pd{ dqg ex| xs doo wkh \= Lq wkh olnho| vwdwh v @ X wkh| jhw ulfk1 Lq wkh +iru
wkhp, xqolnho| vwdwh G wkh| orvh hyhu|wklqj1 Wkh uhvw ri wkh djhqwv k 5 ^3> d, vhoo \
dqg ohqg dw v @ 31 Wkxv lq vwdwh v @ G djhqwv k 5 ^3> d, ehjlq zlwk hqgrzphqwv @d
ri erwk [ dqg \ 1 Ri wkhvh/ djhqwv k 5 +e> d, zloo eruurz wr wkh pd{ wr ex| \ lq
vwdwh G/ dqg djhqwv k 5 ^3> e, zloo vhoo \ dqg ohqg wr wkhp/ dv lq rxu uvw h{dpsoh1
Li rxu jxhvv lv uljkw/ wkhq wkh sulfh s(t zloo fudvk idu ehorz sft iru wkuhh uhdvrqv1
Iluvw/ hyhu| djhqw eholhyhv wkdw G lv edg qhzv/ dqg vr e| hdfk djhqw*v uhfnrqlqj/ wkh
h{shfwhg rxwsxw ri \ lv orzhu1 Vhfrqg/ wkh rswlplvwlf djhqwv dw v @ 3 ohyhudjh/ e|
eruurzlqj wr wkh klow/ dqg vr wkh| vxhu d kxjh zhdowk vhwedfn dw v @ G/ fuhdwlqj
d ihhgedfn rq sulfhv s(t / dv zh vdz lq wkh odvw vhfwlrq1 +Wkh holplqdwlrq ri wkh wrs
hfkhorq ri rswlplvwv uhgxfhv wkh sulfh dw v @ G1, Wklug/ wkh pdujlq uhtxluhphqw
lqfuhdvhv1
Frpsxwlqj htxloleulxp lv vlplodu wr wkh vlpsoh h{dpsoh iurp Vhfwlrq 9/ exw zlwk
rqh zulqnoh1
Djhqw d lv wkh pdujlqdo ex|hu dw v @ 31 Exw dw vwdwh v @ G kh lv pxfk pruh
rswlplvwlf wkdq wkh pdujlqdo ex|hu e1 Wkhuhiruh kh dqwlflsdwhv wkdw '4 lv zruwk pxfk
pruh wkdq '4 zruwk ri frqvxpswlrq ri {( 1 Lqghhg/ lw lv zruwk j+d,@j+e, wlphv dv
pxfk1 Wkh uhdvrq lv h{dfwo| dv zh vdz lq Vhfwlrq 91 Djhqw d fdq ex| |( rq wkh
pdujlq/ sd|lqj j+e, dw wlph G wr jhw  lq vwdwh GX/ zklfk jlyhv h{shfwhg xwlolw|
j+d,1 Lw iroorzv wkdw kh vkrxog qrw frqvxph {f / exw udwkhu vdyh lw/ wkhq frqvxph lw
li v @ X/ exw li v @ G xvh wkh [ wr ex| \ rq pdujlq1 Wkh pdujlqdo xwlolw| wr d ri
{f lv wkhuhiruh j+d,4 . +4  j+d,,^j+d,@j+e,`1
W

W
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lv

Wkh pdujlqdo xwlolw| wr djhqw k iurp ex|lqj \ dw v @ 3 dqg kroglqj lw wr wkh hqg
PXt  ^4  +4  j+k,,2 `4 . +4  j+k,,2 U=
Wkxv zh pxvw kdyh
^4  +4  j+d,,2 `4 . +4  j+d,,2 U
j+d,
4=
@ j+d,4 . +4  j+d,,
sft
j+e,

+;,

Djhqwv k 5 +d> ` zloo ex| \ rq pdujlq/ vshqglqj lq wrwdo +  d, . s(t / dqg
djhqwv k 5 ^3> d, zloo vhoo \ / jlylqj
sft @
Exw dv ehiruh/

+  d, . s(t
=
d

+<,

s(t @ j+e,4 . +4  j+e,,U

dqg
s(t @

+43,

+d  e, . dU
=
e

+44,

Frpelqlqj +43, dqg +44, jlyhv
d@

e^+4 . j+e,, . +4  j+e,,U`
=
4.U

+45,

Wkhvh yh htxdwlrqv fdq eh vroyhg vlpxowdqhrxvo| yld d vlpsoh dojrulwkp1 Fkrrvh
e duelwudulo|1 Iurp wkh odvw htxdwlrq frpsxwh d1 Wkhq frpsxwh s(t dqg wkhq sft 1
Ilqdoo|/ fkhfn wkdw htxdwlrq +;, krogv1 Li qrw/ lwhudwh1
Wkh iroorzlqj wdeoh ghvfulehv wkh htxloleulxp iru wkuhh glhuhqw ydoxhv ri U/ jlyhq
j+k,  4  +4  k,2 / dqg  @ 41
U
e
4  j+e,
j+e,
s(t
d
4d
sft
4  j+d,
j+d,
+4  j+d,,2
j+d,@j+e,
H@ \ @sft
p3
pG

3
318345
3157;;3477
31:844<;89
31:844<;89
31;:::33:4;
314555<<5;5
31<<85447<5
31347<8:447
31<;8375;;9
31333556:48
416445<7<9
413379893:7
31578467<5<
4
58

314
3188388
31535338
31:<:<<8
31;4;4<8
31<4333:
31;<<<6
31<<;335
3133;3<<
31<<4<34
9189H038
41575<<5
41334<9;
314;3479
31;:::;

315
3193355
3148<;57
31;734:9
31;:5474
31<69747
313968;9
31<<<59:
31337376
31<<8<8:
4196H038
414;8748
41333:8
3145:4<7
31::39:<

:14

Zkdw Fdxvhg wkh FudvkB Ihhgedfn

Frqvlghu wkh fdvh U @ =51 Lq vwdwh G/ wkh dvvhw sulfh s(t fudvkhv/ idoolqj iurp d sulfh
ri sft @ =<<<6/ wr d sulfh s(t @ =;:541 Wkuhh idfwruv h{sodlq wklv fkdqjh1 Iluvw/ wkh
suredelolw| ri ghidxow lqfuhdvhg iurp +4  k,e wr +4  k,2 iru hdfk djhqw k1 Iru wkh
pdujlqdo ex|hu d @ =<697/ wklv uhsuhvhqwv dq lqfuhdvh iurp yluwxdoo| }hur wr 13373/
vwloo d qhjoljleoh qxpehu1 Wkh gurs lq h{shfwhg rxwsxw iurp \ lv wkxv derxw 1336/
zklfk lwvhoi lv qhjoljleoh/ frpsduhg wr wkh gurs lq sulfh ri +=<<<6  =;:54, @ =45:51
Vhfrqg/ wkh gurs lq ydoxh ri wkh sulfh ghvwur|hg wkh zhdowk ri wkh prvw rswlplvwlf
ex|huv/ hhfwlyho| holplqdwlqj wkh sxufkdvlqj srzhu ri hyhu| djhqw k A d @ =<6971
Zh fdq vhh zkdw hhfw wkh glvdsshdudqfh ri wkhvh djhqwv zrxog kdyh fhwhulv sdulexv/
e| uhfrpsxwlqj htxloleulxp lq wkh wkuhh0shulrg prgho zlwk  @ =<6971 Wkh uhvxow lv
olvwhg ehorz1

U
e
4  j+e,
j+e,
s(t
d
4d
sft
4  j+d,
j+d,
+4  j+d,,2
j+d,@j+e,
H@ \ @sft
p3
pG

31<697469
315
31896
314<3<9<
31;3<364
31;7:557;
31;99989635
314666769<;
31<<8<3;539
3134::;3875
31<;554<78;
3133364947;
4154739<334
41336;39596
3147<6685<4
31:96<68477

Zh vhh wkdw wkhuh lv doprvw qr hhfw rq htxloleulxp sulfhv iurp holplqdwlqj wkh
:( prvw rswlplvwlf ex|huv1 Fhwhulv sdulexv/ sft gursv iurp 1<<<6 wr 1<<8<1
Wklug/ wkh wlph ri ghidxow jhwv forvhu/ dqg wkh pdujlq uhtxluhphqw mxpsv iurp
451:( wr ::(1 Zh fdq frpsxwh wkh hhfw wklv fkdqjh zrxog kdyh lwvhoi e| uhwxuqlqj
wr rxu wzr0shulrg prgho/ exw zlwk j+k, @ 4  +4  k,e / zklfk lv wkh suredelolw| hdfk
djhqw k dwwdfkhv wr qr0ghidxow lq wkh wkuhh0shulrg prgho Wkh uhvxow lv olvwhg ehorz1
U
d
h
e
4  j+e,
j+e,
sft
p

315
4
4
31938;8
31357467<67
31<:8;98399
31<;39<5385
31:<93956;6
59

Zh vhh djdlq wkdw wkh hhfw ri fkdqjlqj wkh pdujlq uhtxluhphqw iurp 451:( wr
:<19( +dv zhoo dv eulqjlqj wkh srvvlelolw| ri ghidxow qhduhu, uhgxfhv sulfh sft iurp
1<<<6 wr 1<;3:/ djdlq forvh wr qhjoljleoh1
Wkh frqfoxvlrq L gudz lv wkdw wkh sulfh fudvk lq wkh h{dpsoh lv qrw gxh wr dq|
rqh idfwru/ exw lv gxh wr wkh uhlqirufhphqw hdfk eulqjv wr wkh rwkhuv1

:15

Zk| Glg wkh Pdujlq LqfuhdvhB

Wkh pdujlq uhtxluhphqw rq \ lqfuhdvhg ehfdxvh wkh srwhqwldo fudvk juhz qhduhu1 Dq
lpsolfdwlrq ri gudzlqj qhduhu lv wkdw wkh udwh ri lqirupdwlrq rz lqfuhdvhg/ |hw djhqwv
frqwlqxhg wr glvdjuhh lq wkhlu iruhfdvwv1 Wkh slhfhv ri lqirupdwlrq G dqg GG duh
frpsohwho| v|pphwulf/ vlqfh wkh suredelolw| ri edg qhzv lv 4j+k, lq erwk fdvhv/ dqg
wkh wzr hyhqwv duh lqghshqghqw1 Krzhyhu/ iurp G/ wkh vljqlfdqfh ri wkh lqirupdwlrq
wr eh uhyhdohg dw wkh qh{w vwhs lv kxjh1 Lw uhvroyhv zkhwkhu \ lv zruwk 4 ru U/ zkloh
dw v @ 3/ wkh qh{w vwhs zloo uhvroyh zkhwkhu \ lv zruwk 4 ru s(t 1 Sxwwlqj lw dqrwkhu
zd|/ wkh yduldqfh ri wkh sulfh ri \ rqh shulrg diwhu v @ G lv pxfk kljkhu wkdq wkh
yduldqfh ri \ rqh shulrg diwhu v @ 31 Vlqfh djhqwv frqwlqxhg wr glvdjuhh derxw wkh
suredelolw| ri ixwxuh qhzv/ wkh kljkhu yrodwlolw| pxvw uhvxow lq kljkhu pdujlqv1

:16

Oltxlglw| dqg Glhuhqfhv ri Rslqlrq

Wkh vl}h ri wkh fudvk ghshqgv rq krz idu e lv iurp d/ dqg rq krz idvw j+k, fkdqjhv
dv k fkdqjhv1 Zlwk e qhdu d/ j+e, lv qhdu j+d, dqg e*v ydoxdwlrq ri \ lv qrw pxfk
glhuhqw iurp d*v1 Exw dv e pryhv dzd| iurp d/ wklv glhuhqfh dffhohudwhv/ jlyhq wkh
ixqfwlrqdo irup j+k, @ 4  +4  k,2 1 Kdg zh pdgh j+k, d frqvwdqw/ vr wkhuh zhuh qr
glhuhqfhv ri rslqlrq/ wkhuh zrxog kdyh ehhq qr fudvk1
Zlwk j+k, d frqvwdqw/ wkhuh lv d ghhs uhvhuyrlu ri srwhqwldo ex|huv ri wkh dvvhw dw
wkh vdph sulfh1 Zlwk 4  j+k, yhu| frqyh{/ wklv srro hurghv dw dq dffhohudwlqj sdfh/
vr wkdw wzlfh wkh edg qhzv grhv pruh wkdq wzlfh wkh gdpdjh1 Khqfh wkh srzhu ri
pxowlsoh idfwruv lq wkh fudvk/ zkhq hdfk dorqh pdnhv olwwoh glhuhqfh1
Wklv dsshduv wr jlyh xv d glhuhqw shuvshfwlyh rq oltxlglw|/ forvhu wr rqh ri wkh
frqyhqwlrqdo ghqlwlrqv1 Lq wkdw ghqlwlrq/ oltxlglw| lv ghqhg dv wkh vhqvlwlylw| ri
wkh uhdfwlrq ixqfwlrq ri wkh sulfh zkhq dq djhqw wulhv wr vhoo pruh1 Lw zrxog dsshdu
iurp wkh iruhjrlqj wkdw zh pljkw ghvfuleh d pdunhw dv looltxlg dqg yxoqhudeoh wr
fudvkhv li fkdqjhv lq wkh vxsso| ri wkh dvvhw gudpdwlfdoo| dhfw lwv sulfh1
Wklv ghqlwlrq grhv qrw/ krzhyhu/ fdswxuh zkdw lv jrlqj rq1 Grxeolqj wkh vxsso|
ri wkh dvvhw \ +zklfk lv htxlydohqw wr uhgxflqj hyhu| djhqw*v hqgrzphqw ri [ e|
83(, zrxog fkdqjh htxloleulxp sft iurp 1<<<6 wr 1<<53/ d qhjoljleoh fkdqjh1 +Vhh
qh{w wdeoh1, Lw lv lqwhuhvwlqj wkdw diwhu wkh grxeolqj/ wkh hfrqrp| ehfrphv pxfk
pruh yxoqhudeoh wr wkh vkrfn G/ ehfdxvh wkhq sulfh gursv iurp 1<<53 wr 1::791 Zh
zloo jlyh d pruh dssursuldwh ghqlwlrq ri oltxlglw| lq Vhfwlrq 441
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Surwv diwhu wkh Fudvk dqg Fdxwlrxv Vshfxodwruv

Ehiruh ohdylqj wkh fudvk h{dpsoh/ lw lv lqvwuxfwlyh wr uhfrqvlghu zk| lw lv gl!fxow wr
lpdjlqh d fudvk lq d udwlrqdo h{shfwdwlrqv zruog1 Rqh zrxog wklqn wkdw li wkh fudvk lv
iruhvhhq/ wkhq qrerg| zrxog zdqw wr krog wkh dvvhw ehiruh wkh fudvk1 Ru ehwwhu/ wkdw
lqyhvwruv zrxog krog wkhlu fdslwdo/ zdlwlqj wr ex| diwhu wkh fudvk1 Diwhu wkh fudvk
rswlplvwlf lqyhvwruv frxog pdnh d idu juhdwhu uhwxuq wkdq wkh| fdq ehiruh wkh fudvk1
Lqyhvwru d @ =<697 fdq vhh wkdw kh frxog pdnh dq h{shfwhg uhwxuq ri 4;( +j+d,@j+e,,
deryh wkh ulvnohvv udwh vwduwlqj dw v @ G1 Zk| grq*w lqyhvwruv zdlw wr lqyhvw xqwlo
diwhu wkh fudvk +wkhuhe| holplqdwlqj wkh fudvk,B
Lq idfw/ d jurxs ri lqyhvwruv gr zdlw1 Dw v @ 3/ lqyhvwru k @ d fdofxodwhv wkh
h{shfwhg rxwsxw ri \ shu groodu dw 41333:81 Xqohyhudjhg/ kh dqwlflsdwhv d 13:8(
uhwxuq rq klv prqh|/ deryh wkh ulvnohvv udwh/ iurp lqyhvwlqj lq \ 1 Kh lv ulvn qhxwudo/
|hw kh krogv r lqyhvwlqj lq \ 1 Zk|B Ehfdxvh kh iruhvhhv wkdw li kh nhhsv klv
prqh| lq oltxlg [/ kh fdq hduq dq 4;( uhwxuq +j+d,@j+e,, rq klv prqh| deryh wkh
ulvnohvv udwh/ diwhu ohyhudjh/ li vwdwh G vkrxog rffxu1 Wkhuh lv d zkroh jurxs ri djhqwv
k 5 +d> d, zkr uhjdug \f dv d surwdeoh lqyhvwphqw/ exw zkr fkrrvh lqvwhdg wr vhoo lw
lq rughu wr vwd| oltxlg lq [ lq dqwlflsdwlrq ri wkh fudvk1 Wkh suredelolw| ri wkh fudvk
lv vr orz/ krzhyhu/ wkdw qrw pdq| lqyhvwruv erwkhu wr suhsduh wkhpvhoyhv wklv zd|/
dqg vr wkh fudvk vwloo rffxuv1

;

Wkh Oltxlglw| Vsuhdg

Frqvlghu wzr dvvhwv zklfk duh sk|vlfdoo| lghqwlfdo/ exw vxssrvh wkdw rqo| wkh uvw fdq
eh xvhg dv froodwhudo1 Zloo wkhlu sulfhv eh wkh vdphB Wr vrph h{whqw wklv vlwxdwlrq
suhydlov zlwk rq0wkh0uxq dqg r0wkh0uxq Wuhdvxulhv1 Wkh shufhqwdjh ri r0wkh0uxq
Wuhdvxulhv wkdw duh xvhg dv froodwhudo lv pxfk vpdoohu wkdq wkh rq0wkh0uxq Wuhdvxulhv/
5;

dqg wkh| vhoo iru d orzhu sulfh1
Zh fdq vhh lq rxu vlpsoh h{dpsoh zk| wklv vkrxog eh vr1 Vxssrvh d iudfwlrq i
ri hdfk djhqw*v \ lv sdlqwhg eoxh/ dqg fdq eh xvhg dv froodwhudo/ zkloh wkh uhpdlqlqj
iudfwlrq +4  i , lv sdlqwhg uhg dqg fdqqrw1 Zkdw zloo wkhlu htxloleulxp sulfhv ehB Li
wkh sulfh sW ri eoxh lv wkh vdph dv wkh sulfh s ri uhg/ wkhq doo k deryh wkh pdujlqdo
ex|hu e zloo vshqg doo wkhlu prqh| rq eoxh +vlqfh wkh| vwulfwo| suhihu \ wr [/ dqg
ohyhudjlqj lv wkh zd| wr jhw dv pxfk \ dv srvvleoh,1 Doo wkh djhqwv k ? e zloo vhoo
\ +vlqfh wkh| vwulfwo| suhihu [ wr \ 1, Wkxv wkhuh zloo eh qr ex|huv iru uhg \ / dqg
pdunhwv zloo idlo wr fohdu1 Lw iroorzv wkdw sW A s1 D prphqw*v wkrxjkw vkrzv wkdw
lq htxloleulxp/ krxvhkrogv k 5 ^3> ` zloo vsolw lqwr wkuhh slhfhv1 Wkh prvw rswlplvwlf
k 5 +d> ` zloo ohyhudjh dqg ex| eoxh \ 1 Djhqw d zloo eh lqglhuhqw wr ex|lqj eoxh
rq pdujlq dw wkh kljk sulfh/ dqg uhg dw wkh orz sulfh1 Djhqwv k 5 +e> d, zloo ex| rqo|
wkh uhg \ / vhoolqj wkhlu eoxh/ dqg [1 Djhqwv k 5 ^3> e, zloo vhoo doo wkhlu \ 1 Djhqw e
lv lqglhuhqw ehwzhhq ex|lqj uhg \ dqg kroglqj [1
Pruh suhflvho|/ zh fdq qg htxloleulxp e| vroylqj wkh htxdwlrqv
4e . +4  e,U @ s

+46,

h+d  e, . sW i+d  e,
@s
+4  i,+  +d  e,,
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h+  d, . s+4  i,+  d, . iU
@ sW
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d4 . +4  d,U
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=
W
s U
s

+49,

Htxdwlrq +46, dvvhuwv wkdw djhqw e lv lqglhuhqw ehwzhhq uhg \ dqg [1 Htxdwlrq
+47, vd|v wkdw djhqwv k 5 +e> d, wdnh doo wkhlu fdvk/ soxv wkh prqh| wkh| jhw vhoolqj
r wkhlu eoxh \ / dqg vshqg lw doo rq uhg \ 1 Hyhu|rqh hovh vhoov wkhlu uhg \ 1 Htxdwlrq
+48, vd|v wkdw djhqwv k 5 +d> ` wdnh doo wkhlu fdvk/ soxv doo wkh prqh| wkh| jhw vhoolqj
wkhlu uhg \ soxv doo wkh prqh| wkh| fdq eruurz lq wkh eoxh \ / dqg xvh lw wr ex| doo
wkh eoxh \ wkdw lv vrog e| djhqwv k 5 ^3> d,1 Ilqdoo|/ htxdwlrq +49, lqvxuhv wkdw iru
djhqw d/ wkh pdujlqdo xwlolw| ri '4 lq eoxh \ lv htxdo wr wkh pdujlqdo xwlolw| ri '4 lq
uhg \ 1
Wkh iroorzlqj wdeoh jlyhv htxloleulxp iru ydulrxv ydoxhv ri i/ {lqj  @ 4/ U @ =5/
dqg h @ 41
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Wkh htxloleulxp htxdwlrqv vkdushq rxu lqwxlwlrq derxw zk| wkh sulfh ri eoxh \
dqg uhg \ glhu/ ghvslwh wkh idfw wkdw wkh| duh shuihfw vxevwlwxwhv1 Wkh ex|huv ri
eoxh \ dqg uhg \ fdq eh glvmrlqw vhwv1 \ erxjkw rq wkh pdujlq jlyhv h{wuhph sd|rv
+4  U> 3, wkdw duh qrw froolqhdu zlwk wkh sd|rv +4> U, iurp ex|lqj \ zlwk fdvk1
Rqh fdq vhh iurp wkh wdeoh wkdw dv i ghfolqhv/ wkh wrwdo ydoxh ri \ idoov/ wkh vsuhdg
ehwzhhq uhg dqg eoxh \ lqfuhdvhv/ dqg erwk eoxh \ dqg uhg \ idoo lq ydoxh1 Wkh idfw
wkdw wkh wrwdo ydoxh ri \ idoov lv reylrxv1 \ lv kdughu wr sxufkdvh li lwv oltxlglw| lv
orzhu1
Wkh idfw wkdw eoxh \ lv pruh ydoxdeoh wkdq lwv shuihfw vxevwlwxwh/ uhg \ / mxvw
ehfdxvh lw fdq eh xvhg dv froodwhudo/ lv ri h{wuhph lpsruwdqfh/ dv lv wkh sulqflsoh wkdw
wklv vsuhdg jhwv zlghu dv wkh jhqhudo oltxlglw| lq wkh hfrqrp| idoov1 Wklv oltxlglw|
vsuhdg zlghqlqj lv rqh ri wkh kdoopdunv ri d oltxlglw| fulvlv1 Lq rxu h{dpsoh/ vsuhdg
zlghqlqj lv lqhylwdeoh ehfdxvh wkh vxsso| ri eoxh \ zhqw grzq dqg wkh vxsso| ri
uhg \ zhqw xs1 Wkh rqo| fxulrvlw| lv wkdw wkh sulfh ri eoxh \ zhqw grzq1 Wklv
lv dq dfflghqwdo duwlidfw ri rxu sdudphwhuv/ frplqj iurp wkh idfw wkdw dv s ghfolqhv
wkh oltxlg zhdowk ri wkh vxshurswlplvwv k 5 +d> `/ zkr duh vhoohuv ri uhg \ / ghfolqhv/
wkhuhe| uhgxflqj wkhlu sxufkdvlqj srzhu iru eoxh \ 1
D vxewohu sursrvlwlrq lv wkdw zkhq rqh dvvhw \ ehfrphv ohvv oltxlg/ vd| ehfdxvh
pdujlq uhtxluhphqwv duh udlvhg rq lw/ wkhq wkh vsuhdg ehwzhhq oltxlg dqg ohvv oltxlg
dvvhwv wkdw duh xquhodwhg wr \ dovr whqgv wr lqfuhdvh1 Zh frqvlghu vxfk txhvwlrqv lq
wkh qh{w vhfwlrq1

<

Vslooryhuv

Vlqfh wkh froodsvh ri Orqj Whup Fdslwdo Pdqdjhphqw lq 4<<;/ lw kdv ehfrph fohdu
wkdw pdq| dvvhwv duh pxfk pruh fruuhodwhg lq wlphv ri +oltxlglw|, fulvlv wkdq wkh| duh
rwkhuzlvh1 Rxu vlpsoh h{dpsoh ri Vhfwlrq ; fdq eh h{whqghg wr vkrz vrph uhdvrqv
zk|1
Frqvlghu wkh vlwxdwlrq zkhuh wkhuh duh wzr dvvhwv \ dqg ]/ dqg vxssrvh wkdw wkh
pdujlq uhtxluhphqw rq \ lv lqfuhdvhg/ vd| ehfdxvh U idoov1 Zk| vkrxog zh h{shfw
wkh sulfh ri ] wr idooB
Dw ohdvw wkuhh uhdvrqv vrph wr plqg1 Iluvw/ wkh vdph rswlplvwlf ex|huv pljkw krog
\ dqg ]1 D qhjdwlyh vkrfn wr wkhlu zhdowk/ ru wr wkhlu oltxlglw|/ zloo uhgxfh wkhlu
ghpdqg iru doo qrupdo jrrgv1 Vhfrqg/ d ghfolqh lq wkhlu oltxlglw| zloo jlyh wkhp wkh
lqfhqwlyh wr vkliw lqwr pruh oltxlg dvvhwv> li ] kdv uhodwlyho| kljk pdujlq uhtxluhphqwv/
dqg wkhuh lv dqrwkhu frpsdudeoh dvvhw ]  zlwk hdvlhu pdujlq uhtxluhphqwv/ wkh| zloo
ghpdqg ohvv ]1 Ilqdoo|/ wkh htxloleulxp pdujlq uhtxluhphqw pd| ulvh rq ]/ dv d
uhvxow ri ghfuhdvhg uhfryhu| U rq \ 1

<14

Fruuhodwhg Rxwsxw

Dw uvw jodqfh lw zrxog vhhp wkdw li wzr dvvhwv kdg yhu| vlplodu uhwxuqv/ wkhq wkh|
zrxog eh forvh vxevwlwxwhv1 Li U ihoo iru \ / lpsdlulqj lwv ydoxh/ zh pljkw h{shfw
lqyhvwruv wr vzlwfk wr ]/ srvvleo| udlvlqj lwv ydoxh1 Exw wklv vxevwlwxwlrq hhfw fdq
63

hdvlo| eh vzdpshg e| dq lqfrph hhfw1 Li \ dqg ] duh forvho| fruuhodwhg/ lw lv olnho|
wkdw rswlplvwv derxw \ duh dovr rswlplvwlf derxw ]1 Wkh idoo lq U fdxvhv dq lqfrph
vkrfn wr \ ex|huv/ zklfk lpsdluv wkhlu delolw| wr ex| ]1
Zkhq U idoov/ zh vdz wkdw wkh sulfh ri \ idoov iru wzr uhdvrqv1 Iluvw/ ehfdxvh wkh
h{shfwhg rxwsxw jrhv grzq/ dqg vhfrqg ehfdxvh wkh qhz pdujlqdo ex|hu lv d pruh
shvvlplvwlf ihoorz1 Li \ dqg ] duh yhu| fruuhodwhg/ wkhq d pruh shvvlplvwlf ex|hu iru
\ zloo eh pruh shvvlplvwlf derxw ]/ dqg vr wkh sulfh ri ] vkrxog idoo dv zhoo1
Zh fdq vhh wklv lq wkh h{dpsoh iurp wkh odvw vhfwlrq1 Kroglqj wkh iudfwlrq ri eoxh
\ {hg dw 18/ dqg orzhulqj U rq erwk eoxh \ dqg ] @ uhg \ uhgxfhv wkh sulfh ri erwk
e| pruh wkdq h{shfwhg rxwsxw ghfuhdvhv/ dv fdq eh vhhq iurp wkh iroorzlqj wdeoh1
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Zkhq U idoov iurp 16 wr 15/ erwk sulfhv s dqg sW idoo e| pruh wkdq wkh h{shfwhg
rxwsxw ri \ dqg ] +fdofxodwhg zlwk uhvshfw wr hlwkhu wkh srvvlelolwlhv +d> 4  d, ru
+e> 4  e,,1 Wkh jds ehwzhhq sW dqg s qduurzv iurp 1383 wr 136:1
Lq wkh h{dpsoh wkhuh lv qr vxevwlwxwlrq hhfw1 Djhqwv hlwkhu suhihu wr ex| h{0
shqvlyh \ rq wkh pdujlq/ ru wkh| suhihu wr ex| fkhdshu ]1 D fkdqjh lq wkh pdujlq
uhtxluhphqw vlpso| uhgxfhv wkh dprxqw ri \ wkdw fdq eh erxjkw rq pdujlq/ exw grhv
qrw e| lwvhoi lqgxfh dq djhqw wr vzlwfk1 Li zh kdg wkuhh vwdwhv dqg d pruh frpsolfdwhg
h{dpsoh zh frxog kdyh kdg djhqwv kroglqj erwk \ dqg ]/ dqg wkhq dgmxvwlqj wkh
sursruwlrqv ri hdfk1 Wkhq wkh jds pljkw kdyh qduurzhg pruh1
D vlplodu h{dpsoh lq zklfk \ dqg ] duh fruuhodwhg exw qrw lghqwlfdo lv wkh iro0
orzlqj1 Ohw \ sd| 4 ru U/ dv xvxdo1 Ohw ] sd| 4 ru 31 Lw lv hdv| wr vhh wkdw wkh
htxloleulxp lv wkh vdph dv lw zrxog eh zlwk rqh dvvhw Z @ \ . ]1 Orzhulqj U iru
Z zloo uhgxfh s` dqg pdnh wkh pdujlqdo ex|hu e pruh shvvlplvwlf1 Exw wkdw orzhuv
wkh sulfh ri erwk \ dqg ]1

<15

Lqghshqghqw Rxwsxwv/ Fruuhodwhg Rslqlrqv

Lw lv shuihfwo| srvvleoh iru hdfk djhqw k wr wklqn wkdw wkh uhwxuqv iurp \ dqg ] duh
lqghshqghqw/ |hw iru rswlplvwv derxw \ wr eh rswlplvwlf derxw ]1 Iru h{dpsoh/ zh
frxog lpdjlqh irxu vwdwhv ri qdwxuh jlylqj sd|rv iurp \ dqg ] dv iroorzv= +4> 4,/
+4> U,/ +U> 4,/ +U> U,1 Hdfk krxvhkrog k pljkw uhjdug wkhlu suredelolwlhv dv +k2 > k+4 
k,> +4  k,k> +4  k,2 ,/ uhvshfwlyho|1 Wkxv hyhu|erg| pljkw djuhh wkdw ghidxowv e|
wkh Uxvvldq jryhuqphqw dqg wkh Dphulfdq krphrzqhuv duh lqghshqghqw1 \hw pdq|
khgjh ixqgv pljkw kdyh ehhq rswlplvwlf derxw erwk/ dqg wkxv vlpxowdqhrxvo| lqyhvwhg
lq Uxvvldq ghew dqg pruwjdjhv1
64

Lq rxu h{dpsoh/ hyhu| djhqw lv ulvn qhxwudo/ vr htxloleulxp lv h{dfwo| wkh vdph iru
wkh lqghshqghqw fdvh dv iru wkh shuihfwo| fruuhodwhg fdvh mxvw jlyhq1 Dv lq wkh h{dpsoh
ri <14/ d ghfuhdvh lq U iru Uxvvldq ghew zloo orzhu Dphulfdq pruwjdjh sulfhv1

<16

Furvv0Froodwhudol}dwlrq dqg wkh Pdujlq Uhtxluhphqw

Pdq| ohqghuv furvv froodwhudol}h wkhlu ordqv1 Wkxv li wkh vdph surplvh +vd| ri '4, lv
wdnhq rxw e| d eruurzhu xvlqj F dv froodwhudo/ dqg dqrwkhu surplvh lv pdgh e| wkh
vdph eruurzhu xvlqj F2 dv froodwhudo/ wkhq wkh ohqghu lv sdlg lq hdfk vwdwh v
plqi5> ir` +F , . ir` +F2 ,j
zkhuh ir` + , lv wkh ydoxh ri wkh froodwhudo lq vwdwh v1
Frqvlghu wkh vlwxdwlrq lq wkh h{dpsoh lq Vhfwlrq <15 lq zklfk dvvhwv \ dqg ]
kdg lqghshqghqw sd|rv1 Wrwdo ydoxh ri \ . ] lq wkh irxu vwdwhv zrxog wkhq eh
+5> 4 . U> 4 . U> 5U,1 Li ohqghuv frxog frxqw rq eruurzhuv wdnlqj rxw dq htxdo dprxqw
ri \ 0edfnhg ordqv dv ]0edfnhg ordqv/ wkhq wkh| pljkw ordq 4 . U iru hdfk froodwhudo
ri \ . ]> +fkdujlqj d kljkhu lqwhuhvw udwh wr frpshqvdwh iru wkh fkdqfh ri ghidxow,1
Exw wkh pdujlq uhtxluhphqw lv wkhq rqo| ^5s  +4 . U,`@5s @ 4  +4 . U,@5s/ zklfk
lv ohvv wkdq wkh pdujlq uhtxluhphqw iru ] dorqh/ +s  U,@s @ 4  U@s1 Wkxv furvv0
froodwhudol}dwlrq riwhq ohdgv wr pruh jhqhurxv ordq whupv1
Li \ glvdsshduv/ vd| ehfdxvh Uxvvldq ghew froodsvhg/ wkhq ohqghuv zloo eh ohqglqj
djdlqvw rqo| ] froodwhudo/ dqg wkxv pdujlq uhtxluhphqwv pd| ulvh rq pruwjdjhv1

<17

Udwlrqdo H{shfwdwlrqv dqg Oltxlglw| Ulvn

Zh kdyh dvvxphg lq rxu h{dpsohv wkdw djhqwv pd| glhu lq wkhlu suredelolw| dvvhvv0
phqw ri h{rjhqrxv hyhqwv +X ru G ru XX,/ exw wkdw wkh| doo xqghuvwdqg frpsohwho|
wkh hqgrjhqrxv lpsolfdwlrqv ri hdfk hyhqw1 Lq uhdolw|/ ri frxuvh/ djhqwv gr qrw kdyh
lghqwlfdo rslqlrqv derxw hqgrjhqrxv yduldeohv1 Lq sduwlfxodu/ wkhuh duh suredeo| zlgh
glvsdulwlhv lq wkh suredelolw| dvvhvvphqwv ri d oltxlglw| fulvlv1 Dq rswlplvw derxw olt0
xlglw| fulvhv zrxog wkhq eh rswlplvwlf derxw doo nlqgv ri dvvhwv wkdw fudvk lq oltxlglw|
fulvhv1 Kh pljkw wkhuhiruh eh ohg wr krog doo ri wkhp1 Exw li hqrxjk oltxlglw| rswlplvwv
gr wklv/ wkhq wkh| fuhdwh suhflvho| wkh frqglwlrqv zh kdyh ehhq ghvfulelqj wkdw ohdg
wr vslooryhuv lq d oltxlglw| fulvlv1
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Wzr Pruh Fdxvhv ri Oltxlglw| Fulvhv

Wkhuh duh rwkhu h{sodqdwlrqv ri oltxlglw| fulvhv wkdw rxu h{dpsohv vxjjhvw/ exw wkdw
zh vkdoo qrw sxuvxh1 Wkh uvw lv wkdw zkhq ohqghuv furvv0froodwhudol}h/ exw ohdyh lw wr
wkh eruurzhu wr fkrrvh wkh sursruwlrqv ri froodwhudo/ wkhuh lv d prudo kd}dug sureohp1
Ghvshudwh khgjh ixqgv idflqj froodsvh pljkw eh whpswhg wr jdpeoh/ wkxv kroglqj d
ohvv khgjhg sruwirolr/ h1j1/ qrw edodqflqj \ zlwk ]1 Dqwlflsdwlqj wklv/ ohqghuv pljkw
udlvh pdujlq uhtxluhphqwv/ wkxv fdxvlqj wkh froodsvh wkh| ihduhg1
Vhfrqg/ L wrrn wkh srvvlelolw| ri ghidxow +wkh vwdwh lq zklfk rxwsxw lv U ? 4, wr eh
h{rjhqrxv/ dqg orrnhg iru hqgrjhqrxv oltxlglw| fudvkhv1 Exw lq uhdolw| wkhuh lv d orqj
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fkdlq ri lqwhuorfnlqj ordqv dqg wkh suredelolw| ri d fdvfdgh ri ghidxowv lv hqgrjhqrxv/
dqg dovr dq hhfw ri oltxlglw|/ udwkhu wkdq mxvw d fdxvh1
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D Ghqlwlrq ri Oltxlglw| dqg Oltxlg Zhdowk

Oltxlglw| lv dq hoxvlyh frqfhsw lq hfrqrplfv1 Vrphwlphv lw lv xvhg wr uhihu wr wkh
yroxph ri wudgh lq d sduwlfxodu pdunhw/ vrphwlphv lw phdqv wkh dyhudjh wlph qhhghg
wr vhoo/ vrphwlphv lw phdqv wkh elg2dvn vsuhdg lq wkh pdunhw/ vrphwlphv lw phdqv wkh
sulfh ixqfwlrq uhodwlqj wkh fkdqjh lq sulfh wr wkh fkdqjh lq txdqwlw| rughuv/ vrphwlphv
lw uhihuv wr wkh vsuhdg ehwzhhq wzr dvvhwv zlwk wkh vdph surplvhv +vxfk dv wkh vsuhdg
ehwzhhq rq0wkh0uxq dqg r0wkh0uxq Wuhdvxulhv,1
Vrph ri wkhvh ghqlwlrqv vhhp wr uhtxluh d qrq0frpshwlwlyh ylhz ri wkh zruog/
vlqfh wkh| suhvxph wkdw wudghv duh qrw lqvwdqwo| wudqvdfwhg dw rqh sulfh1 \hw vrph ri
wkh rwkhu ghqlwlrqv dsso| lq frpshwlwlyh pdunhwv1 Lw lv hylghqw wkdw hfrqrplvwv gr
qrw doo kdyh wkh vdph qrwlrq lq plqg zkhq wkh| vshdn ri oltxlglw|1 Krzhyhu/ hyhu|
rqh ri wkhvh vwdqgdug ghqlwlrqv ri oltxlglw| lv dssolhg lq hdfk pdunhw vhsdudwho|1
E| frqwudvw/ wkh h{dpsohv ri froodwhudo htxloleulxp glvfxvvhg hduolhu vxjjhvw d qhz
ghqlwlrq ri wkh oltxlglw| ri wkh v|vwhp wkdw ghshqgv rq wkh lqwhudfwlrqv ri djhqwv
ehwzhhq pdunhwv1
Iru vlpsolflw|/ ohw xv vxssrvh wkdw wkh surgxfwlrq ri frpprglwlhv zkrvh vhuylfhv
duh ehlqj frqvxphg grhv qrw ghshqg rq zkhwkhu wkh| duh eruurzhu khog/ ru ohqghu
khog/ ru rzqhu khog= i f @ i  @ i u = Wkhq e| d vpdoo fkdqjh lq qrwdwlrq zh fdq pruh
vlpso| zulwh wkh exgjhw vhw dv
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Qrz wkh xwlolwlhv x ghshqg vroho| rq +{f > { > ===> {7 ,> vlqfh {f qrz lqfoxghv wkh jrrgv
sxw xs dv froodwhudo dqg khog e| wkh eruurzhuv ru ohqghuv1
Wklv exgjhw vhw lv lghqwlfdo wr wkh vwdqgdug jhqhudo htxloleulxp exgjhw vhw zlwk
lqfrpsohwh frqwudfwv +JHL,/ h{fhsw iru wzr fkdqjhv1 Wkh frqwudfw sd|rv Gr duh
hqgrjhqrxv/ lqvwhdg ri h{rjhqrxv1 Dqg frqwudfw vdohv * duh uhvwulfwhg e| wkh froodwhudo
uhtxluhphqw/ zklfk vkrzv xs lq wkh 5O frqvwudlqwv lq wkh wklug olqh ri wkh exgjhw vhw1
L ghqh wkh oltxlglw| ri wkh v|vwhp e| krz forvho| wkh froodwhudo exgjhw vhw frphv
wr dwwdlqlqj wkh JHL exgjhw vhw1 Rqh fuxgh zd| ri phdvxulqj wklv lv e| wdnlqj
wkh pd{lpxp h{shqglwxuh wkdw fdq eh pdgh rq {f > {` > dqg  lq shulrg 3 zlwkrxw
ylrodwlqj dq| ri wkh exgjhw frqvwudlqwv1 Zh pljkw fdoo wklv wkh oltxlg zhdowk ri wkh
djhqw dw wlph 3=
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Oltxlglw| fdq vxgghqo| ghwhulrudwh li wkh froodwhudo ohyhov lqfuhdvh +wkdw lv/ li wkh
frqwudfw dw zklfk wudgh lv dfwxdoo| wdnlqj sodfh vkliwv wr rqh zlwk wkh vdph surplvh
exw d kljkhu froodwhudo ohyho,1
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